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Modified Eady Waves and Frontogenesis
Part I: Linear Stability Analysis
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ABSTRACT

Baroclinic instability in an inviscid fluid with parabolic potential
temperature profiles-is investigated. Unlike the classical Eady model,
there is no short wave cutoff. In addition to the longwave distur-
bances,which are similar to the Eady waves, shortwave disturbances
can also develop in the lower atmosphere, where the stratification is
weaker. The growth rate of the short waves increases with increas-
ing stratification aloft. The results show that shortwave disturbances
can penetrate into the upper stable layer. The growth rate and dis-
turbances of those waves may be associated with an effective Burger
number, which is defined as
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where h* is the height of the maximum vertical heat flux (w'#') and A
is the horizontal wavelength.

Numerical simulations obtained from a nonlinear mesoscale model
in Part I also confirm that the short waves can develop into a sur-
face front within a few days. Those short waves may correspond to
the medium-scale disturbances observed over the AMTEX (Air Mass
Transformation EXperiment) region.

1. INTRODUCTION

One of the most important phenomena observed during the AMTEX (Air
Mass Transformation EXperiment) was the occurrence of medium-scale distur-
bances over the East China Sea in winter (Nitta et al., 1973). The length scale
of the medium-scale disturbances was 1000-2000 &m in the east-west direction.
The disturbances became active in a moist lower troposphere under conditions
of a less stable thermal stratification, and are not associated with an upper
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tropospheric trough. The conventional baroclinic instability and symmetric in-
stability have been applied to study the medium-scale disturbances. Because
of a constant Richardson number (R:) being used in the entire domain, the
results obtained by Gambo (1970a,b) and Tokioka (1970,1971) fail to explain
some important characteristics of these disturbances. Observations indicated
that the stratification in the lower atmosphere was much less than in the up-
per atmosphere during the AMTEX. Here, the Eady (1949) model is modified
by assuming that the stratification increases with height. Recently, Blumen
(1979) and Nakamura (1988) also applied baroclinic instability to study the
development of the mesoscale disturbances over the Atlantic Ocean.

2. BAROCLINIC INSTABILITY

Baroclinic instability associated with the large scale disturbances in mid-
latitude has been investigated by Eady (1949), Charney and Stern (1962), Stone
(1966) and many others. Following Eady’s pioneering work, several variations
of the Eady model have been introduced. Williams (1974) documented that
simple analytical solutions, in terms of hyperbolic functions, exist for Eady’s
instability problem, as long as the shear and static stability have the same
functions with height. His results are quite limited and difficult to apply to the
medium-scale disturbances due to a shortwave cutoff. Instability of a vertically-
varying geostrophic flow in an atmosphere with neutral or unstable stratification
in the surface layer and stable stratification above have also been investigated
by Kuo and Seitter (1985). They find both symmetric and convectional baro-
clinic instability in their results. Baroclinic instability of short waves has also
been studied by Staley and Gall (1977) by using a’ four-level numerical model.
Blumen (1979) used a two-layer Eady model to study the instability of short
waves due to the jump of stratification at the interface. Baroclinic instabil-
ity in a nongeostrophic system for a fluid, which includes a smooth transition
layer between two layers of different stratification, has also been studied by
Nakamura (1988). Their results confirm that the short waves become unstable
if stratification in the lower atmosphere is weak. Those short waves are very
sensitive to the stratification in the lower atmosphere.

Here, a constant wind shear is assumed in the u-component. The vertical
(potential) temperature profile is described by a simple second-order polyno-
mial function, which provides a weakly stable stratified atmosphere near the
surface and a very stable layer in the upper atmosphere. This may resemble
the climatic environment over the TAMEX region during winter. The reduction
and iterative method developed by Kuo (1978) was used to calculate the eigen
value and eigen function in this modified Eady problem.
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a. Basic equetions for a modified Fady model

With the pseudo-height z = (H,/&)(1 — (p/po)*) (Hoskins,1971) being used
as a modified vertical coordinate, the basic equations for an inviscid, com-
pressible atmosphere are identical to William’s model (1967) with Boussinesq
approximation. Hence, they will not be repeated here. The initial basic (po-
tential) temperature may be represented by a group of parabolic profiles,

6 = az? +bz+ 6 +(86/3y)y (2.1)

where « and b are constants, and will be discussed later. We are limited to

stable stratification in the whole atmosphere where the Richardson number is

greater than one to avoid symmetric instability, as discussed by Stone (1966).
The basic wind is assumed: v

U= E" (2.2)

and the variation of the initial theta # in the y direction is

00 f6,0U  f8V

dy g 0z gH

= constant (2.3)

Following Drazin (1978), in a two dimensional flow, we can have a sin-
gle nondimensional equation for perturbation pressure variables ¢* in a quasi-
geostrophic system:

9 . 0 09 19¢* 0¢™ d(1/8)
(8t* Tz Jz* )(aav*z + 32*(ﬂ Jz* )= Or* dz*

where the Burger number 8 = (¢H?/6,f?L?)(d6/dz) = N2H*/f?L? = RiR3,
where N? = (¢/6,)(dé/dz), and R:i, Ry are Richardson number and Rossby
number, respectively. The boundary conditions of (2.4) are

1, 0 0 . 0¢* 0¢*
- — + z* =0 tz*=0,1. 2.

ﬂ[{at* oz *)(az*J a&'—*_]» y at z 01 ( 5)
Eq. (2.4) corresponds to the conservation of quasi-geostrophic potential vorticity
¢ (Charney and Stern, 1962), which is defined as ¢ = Q + ¢’ with

1 9y s, 28U

=0, (2.4)

w*

(2.6)

In {2.32) and (2.34), the solution is assumed in the form of

¢* = ®(2")eaxp(ia(a® —ct™)), (2.7)
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we obtain a second order differential equation for ¢

P®  dffdz* de | dffdz" 1

— — Ba®)® =0, 2.8
dz*? g dz* ( 8  (—c+2%) fec) (2.8)
while boundary conditions are:
d
(—c+ z*)-dzii ~® at2"=0,1. (2.9)

The eigenvalue problem represented. by Egs. (2.8) and (2.9) can be solved
by the reduction and iteration method (Kuo; 1978). Kuo’s method has been
proved quite accurate in this study (Kao, 1987).

3. EIGEN VALUES OF THE MODIFIED EADY PROBLEM

Here, the basic potential temperature is a function of height.(z) and latitude

(y):

Qzaz2+bz+90+(-{)§)y (3.1)
dy
The constants are: &« = n x del, where n = 1, 2, 3, 4, 5 for cases 2a to

2e, and n = 0 for a Eady problem (indicated by E); del = 0.06 K km™2;
b =20K km™; 6y = 288 K, and 98/9y = —107° K m~!. In addition
to these profiles, we also include another case (indicated as Es) with ¢ = 0,
and b = 3.9 K km™!, corresponding to a Eady problem with more stable
stratification.

In the stability analysis, the length scale L is chosen to be 1000 km. The
wave numbers « tested range from 0 to 5 (according to wavelength A > 27 L/5 =
1256.6 km). The horizontal length of the medium-scale disturbances observed
over the AMTEX region is about 1000-2000 km, which is within the range
of this study. The basic potential temperature profiles and the corresponding
Burger numbers are shown in Figs. 1 and 2, respectively. The Burger numbers
at z* = 0.5 of cases 2a-2b are approximately bounded by the Burger numbers
of cases E and Es, as shown in Fig. 2.

The phase speed and growth rate obtained are shown in Figs. 3 and 4 as
functions of wave number a for various basic potential temperature profiles
given by (3.1). It is found that in the longwave region (Mode I), the phase
speed cr and growth rate (ac;) decrease with increasing stratification. It is
interesting to note that the growth rate of long waves (in Fig. 4) corresponds
very well with the average Burger numbers for different cases shown in Fig. 2.
The Burger number of Es is slightly less than that of 2e at z* =~ 0.5. Hence,
the maximum growth rate of Es is slightly larger than that of 2e. Table 1
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Fig. 1. The basic potential temperature
profiles in the modified Eady problem.

RELATI{VE PIIASESPEED

Y TTTTTT VT

R e e  AARAAERRes Ere s eI 3
®E :
wf TISFC)=288 K E
b SCALE=1000 XM 3
.wf DTDZ(SFC)=2.0 K/ KM 3
% F E
L B0 F 3
S 3
“E 3
-0
5 F
-2 F
s
oy ; R R I T Y Y e

WAVE NUMBER

Fig. 3. Variations of the real part of
eigenvalue, C; (relative phase speed), with
wave number.

WEN-YIH SUN

BURGER NUMBER
S0 T L B M e SRR AL | T T T
- . / o
! ) , ; i
w0 i / Y y
I ':' .'.' ‘/ ,f 4
OO - i s '/ o -
o L i v Vi /s ;
= ! .
= oo | I ] 8
= 4 P A e ]
o ok / ran WA
&5 sl / I ra o
— i / .
o | v T
& wmf t v 4
= i Ry )
ﬂmJ 1 n‘ 5 / ,.’
& oo b i 7 y S L
1277 |Es o=« 1
w0 ’ i SCALE=1000 KM
i DTDZ(SFC)=2.0 K/KM
woF | /.{f .
Hi 1
[] " PR S | S — | S — PR R VRS TP TR B w | re
" [} . o1 il Y P T N Y O Pt B OC R P% S N )
BURGER NUMBER

Fig. 2. The Burger number B in con-
junction with the potential temperature

profiles in Fig. 1.

GROWTH RATE (K x C1)

GROWTIl RATE
¥

W8
wef ..
b/ TISFC)=288 K T -
s | [SCALE=1000 K Af 8 2a ]
DTDZ(SFC)=2.0 K/ K M 1
oD -15“ - ;:0 * I:S l.‘ﬂ. * I.IS . !.‘0 : 3.3 “I_.’ﬂ * !IS 5.0

WAVE NUMBER

Fig. 4. Variations of the growth rate,
0c;, with wave number.



368 TAO Vol.1, No.4

Table 1. Effects of stratification on the modified Eady model (Mode I).

case d26 /dz? db /dz Cnax Amax  Crmax AC; max
(K km2) (K km'1) (km)

E 0.0 20 2.360 2662 0.50 4453
Es 0.0 3.9 1.69 3725 0.50 319
2a .1+106 242 2.150 2922, 0.4951 4048
2b 2%106 2.84 1.990 3157. 0.4915 3741
2c 3+10-6 3.27 1.865 3369. 0.4888 3497
2d 4%106 3.69 1.760 357Q. 0.4867 3296
2e .5%10-6 4.11 1.675 3751. 0.4848 3127

also shows that the most unstable wave length and growth rate of long waves
with parabolic temperature profiles are quite comparable to the original Eady
waves. However, the phase speed for the unstable waves for 2a-2e is no longer a
constant value of 0.5. It decreases slowly with increasing wave numbers in the
Mode I region, and decreases more quickly in the Mode II region, as shown in
Fig. 3. The transition wave numbers between Mode I and II also decrease from
case 2a to 2e. The phase speeds obtained here are similar to those obtained
by Blumen and Nakamura, except that no neutral wave exists in our results,
which is consistent with the critical layer instability (Bretherton, 1966a,b).
Fig. 3 also shows that the wavelength of the order of 4000 km will still
dominate the spectrum of atmospheric fluctuation, while the mean basic static
stability field is about the same as the standard atmosphere (i.e., 06/0z =
3.5 K km™1). Fig. 4 reveals the shortwave cutgff for classical Eady waves,
but short waves become unstable when the vertical variation of stratification
is included (i.e, 8Q/8y # 0), as expected. However, the growth rate of the
short waves (Mode II) increases with increasing stratification aloft. The growth
rate gradually decreases with increasing the wave number in Mode 2, but the
decrease rate is very small for 2e. The growth rate will be discussed further.

4. STRUCTURE OF THE BAROCLINIC DISTURBANCES

Figs. 5-6 show the nondimensional pressure and temperature perturbations
(¢* and 6*) at wave number a; = 0.5 x 7 (i.e, wavelength = 4000 km) for
case 2a, which are very close to the conventional Eady waves, except that the
perturbations are slightly weaker near the top than the bottom. Figs. 7-8 are
for case 2e, in which we can see that a stronger stratification aloft reduces the
amplitude of #* in the upper layer considerably. This also reduces the height
of the steering level so that the phase speed of 2e is smaller than that of 2a,
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as discussed in Fig. 3. Overall, the fundamental structure of perturbations in
Mode I remains similar to the original Eady waves. Those diagrams are also
comparable to the long waves obtained by Nakamura (1988).
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Fig. 5. Pressure perturbation ¢* for 2a
with wavelength A =4000 k. The con-
tour interval is 7.0.

Fig. 6. Temperature perturbation 6* for
2a with A =4000 k. The contour interval
1s 0.04.

The perturbations of ¢* and 8* for wave number az = 1.25 X 7 (i.e., wave-
length = 1600 Zn:) of Mode II are presented in Figs. 9-10 for 2a, and in Figs.
11-12 for 2e. The perturbations are more confined in the lower atmosphere,
especially for case 2e. The temperature field tilts slightly eastward in the lower
layer, atop a transition layer, where it tilts westward drastically. The westward
tilt of 8* is very small above the transition layer. The structures of ¢* and #*
for 2e are similar to the short waves discussed by Nakamura (1988). Bretherton
(1966a,b) argues that the presence of the new unstable modes can be caused by
the existence of a gradient of the basic state potential vorticity (i.e, 0Q/#®y # 0)
in the interior of the flow, according to Ee. (2.19). Stability of the short waves
for a wealt stratification in the lower atmosphere has also been studied by Staley
and Gall (1977), Blumen (1979), and Kuo and Seitter (1985).

If we assume that the height of the disturbance can be measured by the
height of the steering level, 2 =~ ¢,/(V/H). The ho, = 3 km for 2a, and hqe =
2.5 km for 2e. Those heights are comparable to the height of the transition
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level of 8* shown in Figs. 10 and 12. 98/8z = 2.15 K km™! at z ~ 3 km for 2a;
and 06/8z = 2.63 I km™! at z ~ 2.5 km for 2e. The effective stratification
of 2a is still much smaller than that of case 2e. However, for the short waves,
the growth rate of 2e is larger, as shown in Fig. 4. Therefore, the short waves
are sensitive to the stratification not only in the lower atmosphere but also
in the upper layer, and to the height of the tranéition level. Comparing the
perturbation fields of 2a (Figs. 9-10) and 2e (Figs. 11-12), we can see that the
decrease of |¢*| and |6*| with height in 2a is much slower, due to a weaker stable
stratification aloft. Hence, there is no lid to prohibit the vertical motion from
penetrating deeply into the upper stable layer. This situation is very similar to
the penetrative convection discussed by Sun (1976), in which stability depends
upon the Rayleigh number in the lower unstable layer, the stability number in
the stable layer and the height of the interface. Hence, our growth rate of the
short wave is different from the situation discussed by Blumen or Nakamura.
They emphasize that the interface acts as a rigid lid to trap short waves in the
lower layer due to a sharp change of N? in their models.
The (dimensional) kinetic energy (KE) equation can be expressed as

dt dz

ﬁ/%(u'?'—}-v'z—}-w'z)dxdydz = -/u'w'i{f—d:vdydz—}—/aq—w'e'da:dydz (4.1)
0
A ' B
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Fig. 9. @* for 2a with A =1600 km,
the contour interval is 10.

Fig. 10. 6* for 2a with A =1600 km,
the contour interval is 0.1.

The shear production (A) is much smaller and negligible in comparison
with the buoyancy production (B) in this study. The vertical distributions of
the horizontal average of (¢/6p)w'é" at A = 1600 km for cases 2a and 2e shown
in Fig. 13 reveal that the buoyancy production generated in 2e is much larger
than in 2a for 2 < h. This is because a larger amplitude of perturbation is
confined in the lower layer and because the phase angles of w’ and 8’ are more
in phase for 2e. The buoyancy production decreases very rapidly near z =~ h
and becomes slightly negative for z > h. The value of buoyancy production
in the entire domain, B= 0.0166 in case 2e, is much larger than 0.0114 in case
2a. On the other hand, B increases with height and reaches maximum at the
mid-level in Eady wave, then gradually decays above. Similar profiles exist for
long waves of 2a-2e in Mode I, except the height of the maximum w’8’ decreases
with increasing of stratification aloft.

The total energy equation can be given as
12

d 1 12 12 12 99 N —- ! /dU
pr 2{u +v7 4w +d9/dz)da,dyd~——/uw dzd:cdydz A
; 20/6y (4.2)
— | =0 —=dadydz .
/90” 06/0; TV C

The vertical distributions of the horizontal averages of (C) in (4.2) for 2a and
2e at A = 1600 km are also shown in Fig. 13. The energy conversion in the
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entire domain, C' = 0.039 in 2e is also much larger than C' = 0.021 in 2a, which
may explain why the short wave of 2e is more unstable than 2a. The energy
conversions of the entire domain are also presented in Tables 2 and 3. It is
noted that the comparative value instead of the absolute value of each one is
important. It is also noted that the values of Table 2 should not be compared
with those in Table 3. We may define the effective Burger number as

et = 920 i

P (4.3)

8z z=h*

where h* is the height of the maximum horizontal average w’6’, and A is wave-
length. The height of h* is slightly less than h(~ H x ¢,/V) and the decrease
of buoyancy production above h* is drastic, which indicates that the genera-
tion of the kinetic energy mainly comes from the lower portion of circulation.
The values of variables in (4.3) for short waves are shown in Tables 4. With
A = 1600 km, we obtain that Jeff (2a) = 0.072 for 2a and feff(2e)= 0.047 for 2e,
which may also explain a larger growth rate of the short wave (A = 1600 km)
for case 2e. When (4.2) is applied for the long wave (A = 4000 km and
2h* ~ 6.68 km, 00/0z ~ 3.67 K km™!) for case 2e, we obtain Feff= 0.035,
which is still less than 0.047 of the short wave at A = 1600 &m. This may
suggest that the effective Burger number may be a better parameter than the
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Fig. 13. Horizontal average of energy conversions w'é’ and v'8' for 2a and 2e.

Table 2. The energy conversions of Eqs. (4.1)-(4.2) in the entire domain at
A =4000 km.

E 2a 2b 2c 2d 2e
(A) -0.112 *10-3 .0.104*10-3 -0.980%10-¢ -0.913*10~4 -0.849*10-4 -0.786*10°¢
®) 0.892*102 0.841*10-2 0.791*102 0.742*%10-2  0.694*10-2 0.648*102
©) 0.502*10"!  0.404*10-!  0.334*10°1 0285%10-1  0.248*10-! 0.218+10-1

Table 3. The energy conversions of Egs. (4.1)-(4.2) in the entire domain at
A =1600 km.

2a 2b 2c 2d 2e
(A) -0.558*103 .0.646*10-3 -0.637*10"3 -0.602*10-3  -0.562*10-3
(B) 0.114*10°1  0.147*10-1  0.161*10-1 0.165*10-1 0.166*10-1
© 0.213*1071  0.300*%10°!  0.347*%10°1 0.374*10-1 0.391*10-1

effective stratification in order to determine instability of baroclinic waves for
the cases discussed here, although the growth rate is also a function of other
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Table 4. The values of h*, 08/0z at z = h*, and fett of Eq. (4.3) 2t A =1600

km.
2a 2b 2c 2d 2e
h*(kam) 2.46 2.10 2.02 1.93 1.75
09/0z(K/km) 2.24 242 2.60 2,77 2.87
Beff 0.072 0.057 0.056 0.055 0.047

parameters, such as (fOU/0z)/(08/0z) and others.

By using the two-dimensional version of the Purdue mesoscale model (Sun
and Hsu, 1988), we have found that both long waves and short waves obtained
in this linear stability analysis are also unstable in a nonlinear system, which
will be presented in Part II. Numerical simulations obtained by Orlanski (1986)
also show that the short waves can develop in the lower atmosphere with a weak
stratification.

5. SUMMARY AND REMARKS

Two different types of disturbances can be generated by baroclinicity with
parabolic temperature profiles in the vertical direction. The waves are unstable
in all the test wave numbers. The longwave disturbances in the Mode I region
are quite similar to the classical Eady problem, which has a larger growth rate
and propagates faster than short waves in the Mode II region. The shortwave
disturbances are mainly confined to the lower atmosphere, where the stratifi-
cation is weaker. The growth rate of the short waves decreases with increased
stratification aloft. Although the long waves are more unstable than the short
waves, according to linear stability in a quasigeostrophic system, the short
waves may become dominant through nonlinear interactions, and /or enhanced
by diabatic heating in the lower atmosphere, which remain to be investigated.
The short waves generated here may be associated with the medium-scale dis-
turbances observed over the AMTEX region, or the surface front in the lower
atmosphere with a weak stratification.
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