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ABSTRACT

This paper presents a near real-time evaluation of earthquake hazard after the 
shallow ML 6.2 Hualien shock of depth 10.6 km occurred 2350 LT, 6 February 2018 
at epicenter (24.10°N, 121.73°E). Since a large aftershock intends to bring up a new 
aftershock sequence, we develop a time-magnitude hazard function for the double 
aftershock sequences. Note that the double-sequence aftershock hazard model can 
be regarded as a generalization of the Reasenberg-Jones (RJ) model and hence is de-
noted by DSRJ. For a near real-time evaluation of the aftershock hazard in the golden 
window particularly for emergent rescue work, the DSRJ or RJ model is estimated 
based on early aftershock sequence and then the occurrence rate and number of the 
forthcoming aftershocks in 3 days after the Hualien main shock are forecasted. Re-
sults of a data analysis show that the DSRJ model is better than the RJ model on near 
real-time assessment of short-term aftershock hazard. This provides an evidence that 
the aftershocks occurred in a short time after the Hualien main shock may not be a 
single aftershock sequence.
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1. INTRODUCTION

Moderate to large aftershocks followed by a shallow 
large main shock may bring a significant hazard to the area 
with weakened structures. To help decision makers to deter-
mine a low-risk emergent rescue work or an optimal treat-
ment of damaged structures, the information about the near 
real-time hazard of such aftershocks is usually of highly 
demand. Therefore, it is of great importance to evaluate the 
hazard of forthcoming aftershocks in a short time after the 
drastic main shock. In the study of aftershock hazard, the 
Omori-Utsu law (Omori 1894; Utsu 1961; Utsu et al. 1995) 
reasonably states the time-decaying occurrence rate of one 
single aftershock sequence. Moreover, the Gutenberg-Rich-
ter law (Gutenberg and Richter 1944) is traditionally used to 
describe the frequency-magnitude of earthquakes in an area. 
Therefore, Reasenberg and Jones (1989, 1994) combined 
the G-R and Omori-Utsu laws to obtain the RJ model for 
describing the occurrence rate of aftershocks with magni-
tude larger than m. Note that the RJ model has been widely 
applied to evaluate the aftershock hazard in California (Wi-

emer et al. 2002; Gerstenberger et al. 2005, 2007) and Japan 
(Omi et al. 2013).

Nevertheless, the aftershock activity may not be best 
described by the Omori-Utsu law, especially when after-
shocks trigger interactively. Hence, Ogata (1988) proposed 
the epidemic-type aftershock sequence (ETAS) model in 
which the aftershock hazard is expressed as a weighted 
sum of Omori-Utsu models shifted in time. Note that the 
estimation of the ETAS model is time-consuming. There-
fore, to have a fast and efficient near real-time assessment 
of aftershock hazard, a detailed investigation of the early 
aftershock sequence along with an easy computed yet ap-
propriate aftershock hazard model are necessary.

Although the Omori-Utsu law or the RJ model can be 
easily used to evaluate the hazard of one single aftershock 
sequence, it occurs often that large aftershocks after the 
main shock may bring up a secondary aftershock sequence 
and hence the occurrence rate of aftershocks increases 
dramatically. This feature motivates the development of a 
double-sequence aftershock hazard model in this paper so 
that an evaluation of the short-term aftershock hazard af-
ter the main shock can be evaluated more efficiently. In the 
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proposed aftershock hazard model, the decaying occurrence 
rate of each sequence follows the Omori-Utsu law and the 
Gutenberg-Richter law describes the magnitude distribu-
tion of aftershocks. Hence, the proposed aftershock hazard 
model can be regarded as a generalization of the RJ model 
to the double aftershock sequences.

Note that the ML 6.2 Hualien main shock, a shallow 
earthquake of depth 10.6 km on 6 February 2018, caused 
collapse of four buildings and hence many deaths and inju-
ries. After the main shock, felt aftershocks kept occurring 
while the emergent rescue work was ongoing. A fast and 
efficient evaluation of aftershock hazard is then particularly 
needed at that moment. Therefore, in this paper, we imple-
ment a near real-time forecast of forthcoming aftershocks 
based on earthquake data available after the ML 6.2 Hualien 
main shock. In the remainder of the paper, the RJ model 
is reviewed, the double-sequence aftershock model is pro-
posed, and the Bayesian Information Criterion (Schwarz 
1978) or BIC for model selection is introduced in section 
2. Results of an analysis of earthquakes after the Hualien 
main shock are presented in section 3. Finally, in section 
4, we give a discussion of strengths and limitations of the 
model-based evaluation of aftershock hazard together with 
conclusions for the research work.

2. MODELS AND METHODOLOGY
2.1 Reasenberg-Jones Model

The frequency-magnitude distribution of earthquakes in 
the Gutenberg-Richter (Gutenberg and Richter 1944) law is

( ) ,log N m a bm m M> c10 = -  (1)

where N(m) is the number of earthquakes with magnitude M 
greater than m, denoted by M > m, a is a constant related to 
the activity, b measures the ratio of small to large earthquakes 
and areas of large slip release may correlated with high b-
value (Wiemer and Katsumata 1999), and Mc is the cut-off 
magnitude for a complete earthquake catalogue. In general, 
the magnitude of earthquakes is distributed according to an 
exponential distribution left-truncated at Mc. The probability 
of observing an M > m earthquake is then given by

( ) ( ) ,expS m m M m M>c cb= - -6 @  (2)

where lnb 10b = . Note that the maximum likelihood esti-
mate (MLE) of the parameter b and its standard error can be 
obtained from Aki (1965). Hence, the MLE of b  along with 
its standard error can be solved accordingly.

This paper considers the simplified Omori-Utsu law 
(Utsu et al. 1995) states the time-decaying occurrence rate 
of a single aftershock sequence as

( )
( )

,t
t c
e t 0>p1m =
+
a

 (3)

where t is the elapsed time after the main shock, the con-
stant a  reflects the activity of aftershocks under study, c 
is the time delay designed to avoid the divergence of the 
rate when t approaches to zero, and the power exponent p 
measures the decaying rate of aftershocks. Note that the p-
value may relate to the temperature of the aftershock zone 
(Kisslinger and Jones 1991). Moreover, the c value reflects 
the systematic behaviour of early aftershocks (Nanjo et al. 
2007) and depends on the faulting style and hence governed 
by the state of stress (Narteau et al. 2009). Therefore, the 
number of aftershocks under study occurring in the time 
range (T1, T2), 0 < T1 < T2, can be expressed as
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Basically, the MLEs of the related parameters can be solved 
by maximizing the likelihood function in Ogata (1983). 
Therefore, the Omori-Utsu model can be estimated based 
on available data of aftershocks and the occurrence rate in 
Eq. (3) or number of aftershocks in Eq. (4) can then be fore-
casted based on the estimated Omori-Utsu model.

Assuming that the magnitude and occurrence time of 
aftershocks are independent, the RJ model (Reasenberg and 
Jones 1989, 1994) describes the occurrence rate of M > m 
aftershocks with magnitude m or lager as

( , ) ( ) ( ), 0t m t S m t m Mand> > c1 1m m=  (6)

where S(m) and ( )t1m  are given in Eqs. (2) and (3), respec-
tively. Hence, the number of M > m aftershocks occurring in 
the time range (T1, T2), 0 < T1 < T2, can be evaluated as

( ) ( ) ( ) ( )N m S m t dt S m N
T

T
1 1

1

2m= =#  (7)

Note that the MLEs of the parameters involved in the RJ 
model can be estimated separately in Eqs. (2) and (3). 
Therefore, the occurrence rate and the number of after-
shocks in Eqs. (6) and (7), respectively, can be forecasted 
accordingly.
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2.2 Double-Sequence Aftershock Hazard Model

An aftershock of large magnitude may trigger a second-
ary aftershock sequence, a generalization of the Omori-Utsu 
law to the double aftershock sequences is then considered 
and the occurrence rate of aftershocks can be written as

( )
( ) ( )

,t
t c
e

t t c
e t 0>p
c

p2

1 2

m =
+

+
- +

a a

 (8)

where ( )t2m  is, again, the number of aftershocks per day 
at day t after the main shock, 1a  and 2a  depends on the 
number of aftershocks in sequences 1 and 2, respectively, 
values of c and p as described in the Omori-Utsu law, and 
tc is the change point or occurrence time of the large after-
shock that triggers a secondary aftershock sequence. Note 
that both the c and p values in the Omori-Utsu model are 
related to the heterogeneity of the aftershock zone. More-
over, the two sequences of aftershocks under study mainly 
occur in the same study region during a short time after the 
main shock. Therefore, in addition to the model parsimony, 
it would be reasonable to set the same c and p values in the 
two sequences of aftershocks. The number of M > m after-
shock then obtained as

( , ) ( ) ( )t m t S m2 2m m=  (9)

where ( )t2m  is given in Eq. (8) and S(m) is, again, as stated 
in Eq. (2). In fact, Eq. (9) is a combination of the generalized 
Omori-Utsu model and Gutenberg-Richter law. Therefore, 
the model in Eq. (9) can be regarded as a generalization of 
the RJ model to double aftershock sequences and hence de-
noted by DSRJ model.

When observing the aftershocks with magnitude mi oc-
curring at time ti, i = 1, 2, …, n, after the main shock, the 
likelihood function of parameter ( , , , , )c p1 2i a a b=  in the 
DSRJ model is given by
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The associated log-likelihood function is then obtained as
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A(0, tn, c, p) and A(0, tn - tc, c, p) can be calculated based on 
A(T1, T2, c, p) in Eq. (5) with T1 = 0 and T2 = tn and tn - tc, re-
spectively. The MLE of i , denoted by ( , , , , )c p1 2i a a b=t t t t t t ,  
is the value of i  such that ( )lnL i  in Eq. (11) reaches its 
maximum. By replacing the i  with it  in Eq. (9), the MLE 
of ( , )t m2m  is then obtained as ( , ) ( ) ( )t m t S m2 2m m=t t t . There-
fore, the number of M > m aftershocks occurring in the time 
range (T1, T2), 0 < T1 < T2, can be estimated or forecasted as
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where ( , , , )A T T c p1 2 t t  can be directly calculated based on  
Eq. (5) and ( , , , )A T t T t c pc c1 2- - t t  can also be computed 
based on Eq. (5) but with a time shift of tc.

Note that all the parameters in the DSRJ model can be 
estimated based on available data, but the possible change 
point tc needs to be predetermined. To do so, we may check 
if there is any large aftershock that triggers a secondary after-
shock sequence. Moreover, the Bayesian Information Crite-
rion or BIC (Schwarz 1978) can be used to choose the change 
point for the DSRJ model. Let ( )L it  be the estimated likeli-
hood function of v parameters based on n events. Then,

2 ( )log logL v nBIC i= - +t  (13)

where 2 ( )logL i- t  measures the goodness-of-fit of the mod-
el with v parameters into the data of n events and vlogn rep-
resents the penalty of model complexity. Hence, the model 
with a small BIC is preferred. For example, if tc1, tc2, …, tck 
are possible k change points in the DSRJ model and the as-
sociated BIC values are obtained as BIC(tc1), BIC(tc2), …, 
BIC(tck). We then select the change point that minimizes 
the associated BIC values, namely, the argmin{BIC(tc1), 
BIC(tc2), …, BIC(tck)}.
Remark: If there are two possible change points, the RJ 
model can be generalized to be a triple-sequence RJ model, 
denoted by TSRJ model. In the TSRJ model, the generalized 
Omori-Utsu law becomes
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where ( )t3m  is the number of aftershocks per day at day t 
after the main shock, 1a , 2a , and 3a  depend on the numbers 
of aftershocks in sequences 1, 2 and 3, respectively, values 
of c and p are as described in the original Omori-Utsu law, 
tc1  and tc2  are change points or occurrence times of the large 
aftershocks that trigger secondary and tertiary aftershock 
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sequences, respectively. Parameters in Eq. (14) can be es-
timated by using the maximum likelihood method and the 
number of M > m aftershocks occurring in the time range 
(T1, T2), 0 < T1 < T2, can be estimated accordingly.

3. RESULTS

The ML 6.2 earthquake with epicentre (24.10°N, 
121.73°E) and hypocentre at depth 10.6 km occurred at 
2350 LT, 6 February 2018 near Hualien, Taiwan (Chen 
et al. 2019). To have a reliable analysis of the aftershock 
hazard after the Hualien shock, we employ the earthquake 
catalogue published by the Central Weather Bureau (CWB) 
at http://gdms.cwb.gov.tw/index.php. According to the re-
sults in Kagan (2002), the possible expanding area of earth-
quakes after the Hualien shock is about 25 [= 0.02 × 100.5(6.2)] 
km. To have a more extensive study for the aftershock haz-
ard, particularly, in the golden window for emergent rescue 
work, however, we consider herein the aftershocks occurred 
within 3 days after the Hualien shock and in the area within 
a radius of 30 km from the main shock epicentre (Fig. 1). 
The associated magnitude-time plot for the earthquakes is 
then given in Fig. 2. Note that both the cumulative num-
ber of M > m earthquakes (Fig. 3) and the goodness-of-fit 
measure (Wiemer and Wyss 2000) suggest that the cut-off 
magnitude for a complete earthquake catalogue is Mc = 3.0. 
Therefore, under study in this paper are the M ≥ 3.0 after-
shocks occurred within 3 days after the Hualien shock and 
within the dashed circle in Fig. 1.

Based on the aftershocks under study, we compute the 
b-values sequentially for each set of 50 events (Fig. 4). We 
also calculate the occurrence rate per day based on consecu-
tive 10 events and estimate the Omori-Utsu law based on all 
the M ≥ 3.0 aftershocks under study (Fig. 5). An investiga-
tion of the results in Figs. 4 and 5, simultaneously, reveals 
that the time-varying b-values have two dropdowns in the 
aftershock sequence at which the occurrence rates of after-
shocks have unusual risings. These observations indicate 
that two possible large aftershocks may change the after-
shock hazard where one is the ML = 5.4 aftershock occurred 
on 0315 LT, 7 February 2018 at (24.01°N, 121.73°E) and 
the other is the ML = 5.8 aftershock occurred on 2321 LT, 
7 February 2018 at (24.08°N, 121.78°E), and the two af-
tershocks are all shallow at depths of 5.6 and 7.8 km, re-
spectively. Since both the aftershocks bring up an increase 
in the occurrence rate of M ≥ 3.0 aftershocks, we employ 
the DSRJ model in Eq. (9) with possible change point at 
local time 0315 or 2321, 7 February 2018 to describe the 
aftershock hazard. Note that the associated DSRJ models 
are denoted by DSRJ(3) and DSRJ(24), respectively, since 
the two possible change points are about 3 and 24 hrs after 
the main shock. After choosing the change point and hence 
the model with BIC values, the occurrence rate of forthcom-
ing aftershocks within three days after the Hualien shock is 
forecasted.

Let T be the time (in day) from the occurrence of main 
shock at which the hazard of M ≥ 3.0 or M ≥ 4.0 aftershocks 
is under forecast. To do so, the RJ, DSRJ(3) and DSRJ(24) 

Fig. 1. Earthquakes occurred within 3 days after the 2018 February 6 ML 6.2 Hualien shock. The red star locates the epicenter of the Hualien shock 
at (24.10°N, 121.73°E) and earthquakes under study are in the dashed circle with radius of 32 km centred at the epicenter.

http://gdms.cwb.gov.tw/index.php
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Fig. 2. The magnitude of earthquakes after the Hualien shock. The red star is the magnitude of the main shock.

Fig. 3. Cumulative numbers of M ≥ m earthquakes as functions of m for earthquakes occurred within 3 days after the Hualien shock in the study 
region. The red line is the estimated Gutenberg-Richter law.

Fig. 4. The time-varing b-values and the associated standard error for M ≥ 3.0 earthquakes after the Hualien shock.
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models are respectively estimated based on M ≥ 3.0 earth-
quakes occurred within time T after the main shock. The 
BIC values, as shown in Table 1, suggest that the DSRJ(3) 
model is more appropriate for describing the available data 
than the RJ or DSRJ(24) model. Therefore, we denote the 
DSRJ(3) by DSRJ, hereafter, and the estimated parameters 
of RJ and DSRJ models are presented in Table 2, respec-
tively. The estimated RJ and DSRJ models are then used 
to forecast the occurrence rate of M ≥ 3.0 or M ≥ 4.0 after-
shocks at any time from T to 3 days after the main shock 
(Figs. 6 and 7). The numbers of forthcoming M ≥ 3.0 or M 
≥ 4.0 aftershocks in the future 3-T days or 72-24T hrs are 
further forecasted based on the estimated DSRJ or RJ model 
(Fig. 8). The time T under study is 6, 12, 24, 30, 36 or 48 
hrs after the main shock as shown in Fig. 8, and the results 
for evaluating aftershock hazard at T = 6, 12, 24, and 36 hrs 
after the main shock are presented in Figs. 6 and 7.

4. DISCUSSION AND CONCLUSION

The double-sequence model or DSRJ model is con-
structed to describe the hazard of aftershock of Hualien 
event. The results of data analysis confirm that the DSRJ 
model with a change point at 0315 LT, 7 February 2018, 
where an aftershock of ML = 5.4 may change the seismicity 
rate and the magnitude distribution, outperforms the wide-
ly used single-sequence RJ model (Reasenberg and Jones 
1989, 1994) on near real-time assessment of aftershock haz-
ard. In fact, we not only present the results of a retrospec-
tive study for the Hualien main shock, but also suggest the 
Bayesian Information Criterion (BIC) to select an optimal 
model or determine an appropriate change point in the DSRJ 
model for a better forecast of occurrence rates or number of 
forthcoming aftershocks. Therefore, the DSRJ model along 
with the statistical methods would be helpful for aftershock 
hazard assessment in any situation where appeared with a 

secondary aftershock sequence.
As a matter of fact, the double-sequence aftershock 

hazard model with one change point can be extended to a 
multiple-sequence aftershock hazard model with more than 
one change point if there are several aftershock sequences 
possibly triggered by large aftershocks. For example, af-
ter the Hualien main shock, there are two possible change 
points at 0315 and 2321 LT, respectively, 7 February 2018. 
Taking both the change points into account to build the 
triple-sequence model, denoted by TSRJ, we estimate the 
TSRJ model based on M ≥ 3.0 aftershocks after the main 
shock. The estimated TSRJ models then give BIC values 
as -1031.7 and -1023.5 based on data available at 24 and 
36 hrs, respectively. Note that the BIC values, comparing 
with those in Table 1, do not support the TSRJ model for 
describing the aftershock hazard. Moreover, the results in 
Fig. 9 demonstrate that the TSRJ may not give more ac-
curate forecast of the occurrence rates of future M ≥ 3.0 
aftershocks than the DSRJ model, especially at 24 hrs or 
one day after the main shock. Therefore, multiple-sequence 
aftershock hazard models may not perform better than the 
proposed DSRJ model on assessing the aftershock hazard of 
the Hualien main shock.

Note that a ML 5.8 earthquake occurred at 2156 LT, 
4 February 2018, triggered an aftershock sequence in the 
study region (Fig. 1). To describe the hazard of earthquakes 
after the ML 5.8 earthquake, we consider a double-sequence 
model with a change point at the occurrence time of the ML 
6.2 main shock, denoted by FDSRJ. If two change points 
at local time 2350 on 6 February and 0315 on 7 February 
2018, are both under study, then it leads to a triple-sequence 
model, denoted by FTSRJ. The results in Fig. 10 show that 
the FDSRJ and FTSRJ are competitive to the DSRJ when 
forecasting the occurrence rates of M ≥ 3.0 aftershocks at 
6 hrs after the ML 6.2 main shock. However, the FDSRJ 
or FTSRJ may not perform better than the proposed DSRJ 

Fig. 5. The occurrence rate of M ≥ 3.0 earthquakes after the Hualien shock. Black dots are the observed occurrence rates and the blue line is the 
estimated Omori-Utsu law.
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Model
Time  form main shock (hrs)

6 12 24 30 36 48

RJ -871.6 -937.2 -1020.5 -994.0 -995.6 -974.8

DSRJ(3) -889.1 -956.6 -1036.8 -1031.9 -1025.3 -998.6

DSRJ(24) - - -1030.2 -1028.9 -1020.1 -995.4

Table 1. The BIC value of the estimated model based on M ≥ 3.0 
aftershocks after the Hualien shock.

Time (hr) 
form main shock

RJ model DSRJ model

α c p β α1 α2 c p β

6 3.647 0.034 0.539 1.690 3.674 2.446 0.160 0.874 1.690

12 3.584 0.040 0.638 1.695 3.468 2.113 0.057 0.786 1.695

24 3.614 0.056 0.664 1.615 3.449 2.014 0.039 0.720 1.615

30 3.683 0.101 0.742 1.611 3.449 2.031 0.042 0.739 1.611

36 3.260 0.005 0.612 1.600 3.461 2.069 0.050 0.757 1.600

48 3.766 0.153 0.797 1.614 3.474 2.134 0.062 0.801 1.614

Table 2. Estimated model parameters based on M ≥ 3.0 earthquakes after the Hualien shock.

Note: The DSRJ model is the one with change point at 0315 LT, 7 February 2018.

(a) (b)

(c) (d)

Fig. 6. The occurrence rate of M ≥ 3.0 earthquakes after the Hualien shock. Solid and dashed lines represent the estimated and forecasted occur-
rence rates, respectively, based on the RJ and DSRJ models, black dots are the observed occurrence rates, and the vertical dotted line indicates the 
forecasting time.
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(a) (b)

(c) (d)

Fig. 7. The occurrence rate of M ≥ 4.0 earthquakes after the Hualien shock. Solid and dashed lines represent the estimated and forecasted occur-
rence rates, respectively, based on the RJ and DSRJ models, black dots are the observed occurrence rates, and the vertical dotted line indicates the 
forecasting time.

(a) (b)

Fig. 8. Number of forthcoming M ≥ 3.0 or M ≥ 4.0 earthquakes within 3 days after the Hualien shock.



Statistical Evaluation of Aftershock Hazard 419

Fig. 9. The occurrence rate of M ≥ 3.0 earthquakes after the Hualien shock. Solid and dashed lines represent the estimated and forecasted occurrence 
rates, respectively, based on the RJ, DSRJ, and TSRJ models, black dots are the observed occurrence rates, and the vertical dotted line indicates the 
forecasting time.

(a) (b)

(c) (d)

Fig. 10. The occurrence rate of M ≥ 3.0 earthquakes after the Hualien shock. Solid and dashed lines represent the estimated and forecasted occur-
rence rates, respectively, based on the RJ, DSRJ, FDSRJ, and FTSRJ models, black dots are the observed occurrence rates, and the vertical dotted 
line indicates the forecasting time.
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model when forecasting at 12 hrs or later after the main 
shock. These observations indicate that incorporating the 
aftershock sequence about 2 days before the ML 6.2 main 
shock into the DSRJ or TSRJ model may not help the as-
sessment of aftershock hazard after the main shock. There-
fore, how to effectively use previous earthquake sequences 
to evaluate the current aftershock hazard would be an im-
portant problem for further study.

When previous earthquakes in the study area are in-
corporated into the current aftershocks to estimate the 
Gutenberg-Richter law (Gutenberg and Richter 1944), the 
resulted b-value would be larger than that computed from 
only the current aftershocks. For example, the b-values are 
0.74, 0.74, 0.70, 0.70, 0.70, and 0.70 based on M ≥ 3.0 af-
tershocks available at 6, 12, 24, 30, 36, and 48 hrs after the 
Hualien shock. However, the b-values become 0.76, 0.76, 
0.74, 0.74, 0.74, and 0.74 when taking additionally the M ≥ 
3.0 earthquakes occurred from 2017/1/1 till 2350 LT, 6 Feb-
ruary 2018. Hence, the forecasted number of forthcoming 
M ≥ 4.0 aftershocks based on either the RJ or DSRJ model 
becomes smaller than the one shown in Fig. 8b. However, 
though the results are not shown herein, the DSRJ model 
still gives a better forecast of the number of forthcoming M 
≥ 4.0 aftershocks than the RJ model when forecasting at 6 
hrs after the Hualien main shock.

Finally, the DSRJ model is not an over-simplified ETAS 
model (Ogata 1988). In the ETAS model, any aftershocks 
are triggered by all the previous aftershocks and hence the 
computation of parameters is very time-consuming, al-
though there are only three parameters. On the contrary, the 
DSRJ model have four parameters and is built by choosing 
a change point at which one large aftershock has the great-
est influence on the occurrence of later ones. Therefore, an 
application of the DSRJ model and the BIC gives a more 
flexible model for the data and produces more quickly the 
forecasted results for assessing the aftershock hazard. The 
advantage on using the DSRJ model is time management, 
which is of great importance, particularly when the infor-
mation of aftershock hazard is of urgent need for emergent 
rescue in the golden window after the large main shock.
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