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ABSTRACT

This note develops a general mathematical model for describing the transient hydraulic head response for constant-head
test, constant-flux test, and slug test in a radial confined aquifer system with a partially penetrating well. The Laplace-domain
solution for the model is derived by applying the Laplace transform with respect to time and finite Fourier cosine transform
with respect to the z-direction. This new solution has been shown to reduce to the constant-head test when discounting the
wellbore storage and maintaining a constant well water level. This solution can also be reduced to the constant-flux test solu-
tion when discounting the wellbore storage and keeping a constant pumping rate in the well. Moreover, the solution becomes
the slug test solution when there is no pumping in the well. This general solution can be used to develop a single computer
code to estimate aquifer parameters if coupled with an optimization algorithm or to assess the effect of well partial penetration
on hydraulic head distribution for three types of aquifer tests.
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1. INTRODUCTION

The constant-head and constant-flux tests are two typi-
cal aquifer tests in site characterization. The constant-head
test is carried out in a single well which needs to maintain a
constant head inside the well and measure the transient flow
rate across the wellbore. This test is suitable to use in low
permeability formations for estimating aquifer parameters
(e.g., transmissivity and storage coefficient). On the other
hand, the constant-flux test requires maintaining a constant
rate of well extraction or injection and measures the change
of the hydraulic head at the observation well. Slug test is
another kind of aquifer tests commonly utilized for the es-
timation of aquifer parameters. This test is performed by
instantaneous extracting/injecting a small volume of water
from/into the well and measuring the change of well water
level simultaneously. The aquifer parameters can then be
obtained from the analysis of the measured test data using a
graphical method or computer method (Yeh 1987). The slug
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test is widely used to estimate the aquifer parameters due
to the advantages of low cost, ease of implementation and
short test duration, absence of need for post-treatment of a
large volume of contaminated water, and relatively minor
disturbance to the groundwater flow system.

Under field conditions, the test well may partially pen-
etrate the thickness of the aquifer. The flow toward a fully
penetrating well is expected to be a horizontal flow; in con-
trast, the flow toward a partially penetrating well includes
both the horizontal and vertical flows. A partially penetrat-
ing well is commonly installed in an aquifer that is rela-
tively thick or adapted for the investigation of groundwater
contamination. The change of well water levels would be
influenced by the well characteristics such as the length and
position of the well screen during the test. Thus, the results
of the data analysis obtained from any one of the aquifer
tests may lead to significant estimation errors if the effect of
well partial penetration is not considered.

For the constant-head test, the early works involved
in the development of solutions for confined radial aquifer
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systems with well partial penetration were Kirkham (1959),
Novakowski (1993), Cassiani et al. (1999), Chang and Chen
(2002), Yang and Yeh (2005) among many others. Kirkham
(1959) divided the flow model into two different regions
and derived a steady-state solution for groundwater distri-
bution in a confined aquifer when performing the constant-
head test at a partially penetrating well. Novakowski (1993)
presented a mathematical model for aquifers by considering
the effects of finite-thickness skin and well partial penetra-
tion. He provided a Laplace-domain solution of transient
flow rate and curves of hydraulic head versus time to in-
vestigate the influences of finite-thickness skin and well
partial penetration on the hydraulic head distribution. Cas-
siani et al. (1999) derived a semi-analytical solution for a
mixed boundary value problem to describe the pumping at
a partially penetrating well with an infinitesimal skin in an
anisotropic aquifer of infinite vertical extent. Chang and
Chen (2002) used the same mathematical model as Cassiani
et al. (1999) except that the aquifer is of finite thickness in
the vertical direction and the flux entering through the well
screen is a function of time and location along the screen.
Yang and Yeh (2005) provided an analytical solution for a
constant-head test performed at a partially penetrating well
under the effect of the finite-thickness skin. An efficient nu-
merical method for computing the solutions was also pre-
sented.

Hantush published a series of articles (Hantush 1957,
1961a, b, 1964) presenting solutions to describe the draw-
down distribution around a partially penetrating well under
a constant-flux pumping in a confined aquifer of infinite
horizontal extent. Later, many researchers had developed
the solutions under some simplified conditions in a het-
erogeneous aquifer system. Examples of the solutions for
pumping in confined aquifer systems are Barker and Her-
bert (1982), Butler (1988), Ruud and Kabala (1997), Cas-
siani and Kabala (1998), Yang et al. (2006), Zhan and Bian
(2006), Chiu et al. (2007) among many others. Petroleum
engineers also have great interest in the subject of dealing
with oil migration across less permeable semi-confining
layers (Streltsova 1988). The solutions in the petroleum in-
dustry include Bixel and van Poolen (1967), Jargon (1976),
and Streltsova-Adams (1979) among many others. Cassiani
and Kabala (1998) developed a semi-analytical solution for
the mixed-type boundary value problem via dual integral
equations for the constant-flux and slug tests at a partially
penetrating well as well as accounting for wellbore stor-
age, infinitesimal skin, and aquifer anisotropy. Zhan and
Bian (2006) derived analytical solutions for describing the
groundwater flow with steady-state leakages due to pump-
ing subject to the conditions of maintaining constant flux
and constant drawdown at the wells.

The literature regarding the slug test is briefly re-
viewed below. Ferris and Knowles (1954) originally pio-
neered the analysis procedure from the slug-test data. They

provided an approximate solution for describing the water
level change within the test well. Early related works were
Bredehoeft et al. (1966), Cooper et al. (1967), and Bouwer
and Rice (1976) with regard to the groundwater problems
and Carslaw and Jaeger (1959, p. 342) in a heat conduction
problem. Dougherty and Babu (1984) developed an analyti-
cal model to investigate the flow in a double-porosity reser-
voir. The transient solution for slug-test problems consider-
ing well partial penetration, wellbore effect, and skin effect
was derived by utilizing numerical inversion of Laplace
transform. Peres et al. (1989) presented a theoretical formu-
la relating the solutions of slug test and constant-flux test at
a fully penetrating well in confined aquifer systems consid-
ering the effect of wellbore storage. Yeh and Yang (2006)
presented an analytical solution for slug tests to investigate
the effects of skin type, skin thickness, and the contrast of
skin transmissivity to formation transmissivity on dimen-
sionless hydraulic head. Chen et al. (2007) derived a semi-
analytical solution based on a formula given by Peres et al.
(19809) for the slug test performed in a confined aquifer with
a partially penetrating well. They indicated that a smaller
screen length, anisotropic ratio, or specific storage yields a
slower recovery rate. Moreover, Yeh et al. (2008) also de-
veloped a semi-analytical solution for slug tests in a radial
two-zone confined aquifer system considering the effects of
the skin and well partial penetration.

Van Everdingen and Hurst (1949) developed a math-
ematical model for the flow problems and derived analyti-
cal solutions by using the Laplace transform method and
superimposition theorem. They provided a relationship be-
tween the constant terminal pressure case with a transient
wellbore flow rate and the constant terminal rate case with
a transient pressure inside the well. Perina and Lee (2006)
presented a general well function for pumping from a con-
fined, leaky, or unconfined aquifer as well as considering
the effects of finite-thickness skin and well partial penetra-
tion. Their semi-analytical solution was derived via Laplace
and generalized finite Fourier transforms and allowed for
non-uniform radial flux distribution along the well screen
using a dsicrization approach which is essentially to divide
the screen into several segments.

The purpose of this paper is to develop a general math-
ematical model for describing the hydraulic head as a result
of the constant-head, constant-flux, and slug tests at a par-
tially penetrating well in a radial confined aquifer. In the
case of the constant-head test the water level is maintained
at a constant at the wellbore and there is no pumping inside
the well while in the case of constant-flux test the wellbore
flow rate is assumed constant and the effect of wellbore
storage is discounted. Moreover, in the case of the slug test
the flow discharge/injection rate inside the well is consid-
ered equal to the flow across the screen. The solution of the
model is developed by utilizing Laplace and finite Fourier
cosine transforms. This new general solution can then be
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used to predict the hydraulic head distribution for one of
the constant-head test, constant-flux test, and slug test per-
formed at a partially penetrating well in a radial confined
aquifer system. In addition, this general solution can further
be simplified for the case that the aquifer system has a fully
penetrating well.

2. MATHEMATICAL DEVELOPMENT

A general mathematical model is developed to describe
the hydraulic head distribution in light of the constant-head,
constant-flux, and slug tests in a confined radial aquifer as
well as considering the effect of well partial penetration.
Figure 1 shows the schematic representation for a partially
penetrating well in a confined aquifer of infinite radial ex-
tent. The aquifer is overlain and underlain by impervious
layers. The origin of the coordinate is located at the center
of the test well which has a radius r,,. As demonstrated in the
figure, the effective casing radius is denoted as r.. The well
partially penetrates the aquifer with a screen from b, to b,
as shown in the figure. The wellbore storage of the aquifer
is considered.

2.1 Mathematical Model

The equation representing the hydraulic head distribu-
tion, h(r, z, t), in the aquifer system for the model described
above can be written as [Batu 1998, p. 96, Eq. (2-174)]

2 2
*h(r, z,1) L1 oh(r,z,1) VK ) h(r,zz,t)

K, or’ r or 9z
oh(r,z,1)
= SJT (D

where K, is the horizontal hydraulic conductivity; K is the
vertical hydraulic conductivity; S; is the specific storage; r
is the radial distance from the centerline of the test well; z is
the vertical distance from the impermeable layer; and ¢ is the
time from the start of test.

The hydraulic head within the aquifer is initially as-
sumed zero, this is

h(r,z,0)=0 2)

The hydraulic head at infinity is assumed zero; thus,
the outer boundary condition is therefore given as

h(oo, 2,1)=0 3)

According to Darcy’s law, the boundary condition for the
flow rate, g,(t), across the screen is expressed as

K,W =q,(1)[U(z-b)-U(z-b)], 0<z<L (4
where L is the aquifer thickness and U( ¢ ) is a unit step func-
tion defining that U(z - b;) equals one when b; < z and zero
otherwise for i =1 or 2.

The lower and upper boundary conditions are, respec-
tively, given as

oh(r,0,1) _

N 0 (%)
and

oh(r,L,t)

T O ®

2.2 Continuity Equation for Wellbore Flow

The pressure in the wellbore is assumed to be hydro-
static. The continuity equation for flow inside the wellbore
is expressed as (see, van Everdingen and Hurst 1949)

()l (1) 2n, (b, 1), (1) ™

where h,(t) is the well water level and Q(¢t) is the pump-
ing flow rate. The left-hand side term of Eq. (7) reflects
the effect of wellbore storage and the second term on the
right-hand side of Eq. (7) represents the total flow across the

z=L

R — b2 -~
Aquifer — ] — KKz S
iz

Impermeable layer

~ o

Fig. 1. The cross-section of a radial confined aquifer system with a
partially penetrating well.
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screen. The well water level is equal to the average head in
the aquifer just outside the wellbore, thus

h,(t)=h(r,, z,t) @

The well water level equals the head rise (or drop) A, for
the slug test when ¢ = 0, that is

h, (O) =h, 9)

2.3 Laplace-Domain Solution

The methods of Laplace and finite Fourier cosine trans-
forms are applied to solve Eq. (1) associated with the initial
condition [Eq. (2)] and boundary conditions [Egs. (3) - (6)].
The inverse finite Fourier transform is then applied to de-
velop the solution of the hydraulic head within the aquifer.
Applying the Laplace transform to Eq. (1) yields the follow-
ing subsidiary equation

’h(r,z,p)  10h(r.z,p) 3 h(r,z,p)
or? +r or +& o7

=&ph(r,z, p) (10)

where h(r,z, p) is the hydraulic head in the Laplace do-
main; p is the Laplace variable (Spiegel 1965); & = K./K,;
and { =S, / K . Equations (3) - (6) in the Laplace domain
are, respectively,

T(c0.2. p) =0 (1
K P2P) g (p)U(z-b)- U -b)L0=2=L (12)
on(r,0,p) _

Bhir0.2) _ 0 (13)
and

on(r,L,p) _

a0 "

With Eq. (8) and applying the Laplace transform to Eq. (7)
results in

q,(p)= m {(zr2)[ph(r,. 2, p)-h,|+ O(p)}

5)

Applying the finite Fourier cosine transform to Eqgs. (10)
- (12) after substituting Eq. (15) into Eq. (12) obtains
h(r.w,.p)=

[(r))h,,- O(p)|W(b,, b,)
(ﬂrf)pKU (al }"w) + 27zrwl(r‘ (bZ - bl)alKl (al Vw)

K, (o,r) (16)

where E(r, w,, p) is the transformed hydraulic head; W(b,,
b)) = [sin(w,b,)-sin(w,b,)|/w,; w,=n7/L.,n=0,1,2,.;
a;=Ew2+{p;and Ky( *) and K,( *) are the modified Bes-
sel functions of the second kind of order zero and one, re-
spectively.

Applying the inverse finite Fourier transform to Eq. (16)
yields

h(r,z, p)=
1 [(ﬂrg)hw' é(p)](bz'bl)
L (wrl)pK,(a,r,)+27r,K,(b,- b)0,K, (a,r,)

24 (7)Ao - O(p)]W (b, b2)
L= (mr?)pK, (o) +27r, K, (b, - b)) K, (7,

-cos(w,z) (17)

K,(o,r)+

K,(a,r)

where @ = {p. Equation (17) is the Laplace-domain solu-
tion for hydraulic head in the confined aquifer system con-
sidering a pumping flow rate and wellbore storage of the
partially penetrating well. Since this solution comprises the
products of the Bessel and cosine functions and is rather
complicated, its inverse Laplace transforms, i.e., time do-
main solution, may not be tractable. The numerical Laplace
inversion such as the Stehfest method (Stehfest 1970; Chang
and Yeh 2009) or Crump method (Crump 1976; Chen et al.
2007) can be adopted to evaluate the corresponding time-
domain result.

3.SPECIAL CASES FOR THREE TYPES OF AQUI-
FER TESTS

In engineering practices, the constant-head, constant-
flux, and slug tests are commonly employed for the investi-
gation of aquifer characteristics. The solution for the aquifer
tests can be used to generate the type curves if a graphical
method is considered to analyze the observed test data. The
Laplace-domain solution for the hydraulic head due to one
of the aquifer tests is presented separately in the following
three sections.

3.1 Constant-Head Test

For the constant-head test, the well water level denoted
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as h, is maintained at a constant; there is no need to con-
sider the wellbore storage. The Laplace-domain solution of
the test performed at a partially penetrating well can be ob-
tained from Eq. (17) as

- _ Al K, (a.r)
hr 2. )= 0P Loz R oK, (ar) +

;i W(b,, b,)K,(a,r)
L= 27r, K, (b,-b))a K, (a,r,)

cos(w,z)| (18)

where Q(p), the pumping flow rate in the Laplace domain
is unknown and can be obtained by substituting the result of
Laplace transform of Eq. (9) into Eq. (18) as

R K
0P =)\ L2 Kok, (@r)*

P
& < Wz(blsbz)Ko(alrw) B
L.

2 27r K. (b,-b)a,K (@) (19)

For the case of the fully penetrating well, the screen
interval parameters are b, = 0 and b, = L. Thus, the variable
W(b,, b,) is equal to zero. The Laplace-domain solution for
the hydraulic head then reduces to

— h, K(a,r)

h(l’, p>=' p Ku(azrw) (20)

Note that Eq. (19) is equivalent to the dimensionless solu-
tion given by Yang and Yeh [2005, p. 213, Eq. (56)] for the
case of well partial penetration and Eq. (20) is equivalent
to the one by Yang and Yeh [2005, p. 213, Eq. (61)] for the
case of full penetration.

3.2 Constant-Flux Test

For the constant-flux test, the pumping rate is main-
tained at a constant and the effect of wellbore storage on
the hydraulic head, which occurs at early time of pumping,
is generally negligible. The Laplace-domain solution of the
constant-flux test at a partially penetrating well can be ob-
tained from Eq. (17) as

h _ -0 2 K(ayr)
h(i’, Z, P) T 4nT T, pazK](aer) +
_Q 4 &, W(b],bz)KO(a/]r)
4rT (bz_b])rwnzl palKl(alrw) COS(an)
(21)

where T = K,L is the aquifer transmissivity. Note that this

solution is also given in Yang et al. [2006, p. 2, Eq. (7)].
For the case of a full penetration, the solution of aqui-
fer hydraulic head in Laplace domain then reduces to

-0 2 K(ar)
hrP)= 427 ) poK (oLr) (22)

which is also presented in Yang and Yeh [2009, p. 3385,
Eq. (34)].

3.3 Slug Test

For the slug test, there is no pumping, therefore Q( ¢)
= 0. The Laplace-domain solution for the head distribution
can then be obtained from Eq. (17) as

h(r,z,p)=

1 [(ﬂrz)hwo](bz'bl)
L (ﬂrf)PKo(szrw) + 27[err(b2 - bl)a?.K] (azrw)

K, (o,r)+

;i [(ﬂrz)hw(]]W(bn bz)
L= (mr))pK, (a,r,)+27r,K, (b, - b)), K, (a1,

K, (a,r)

-cos(w,z) (23)

This equation is the same as the one presented in Chen et al.
[2007, p. 63, Eq. (12)] for the slug test performed in a par-
tially penetrating well. For aquifers with a fully penetrating
well, Eq. (23) can be reduced to

[(7r)h, K, (0,r)
7r;)pK, (a,r,) + 271, K, Lo, K, (a1,

E(r,p)=(

_ h,or,SK,(C,r) (24)

Ta, rwoczKO(ovzrw)+2<Sr >Kl(oc2rw)]

2
w
2
r c

where S is the aquifer storage coefficient. Equation (24) was
also given in Cooper et al. (1967) and Yeh and Yang (2006,
p. 1484, Eq. (43)].

3.4 Summary

To summarize, this new solution has been shown to
reduce to the solution for one of the aquifer tests performed
at a fully or partially penetrating well as shown in Table 1.
The main advantage of having this solution is that a single
computer program can be developed based on this solu-
tion when coupled with the extended Kalman filter (e.g.,
Leng and Yeh 2003; Yeh and Huang 2005) or a heuristic
optimization approach such as genetic algorithm (e.g., Lin
and Yeh 2005) or simulated annealing (e.g., Yeh and Chen
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Table 1. A summary of the solutions for various types of aquifer tests at a fully or partially penetrating well in a radial confined aquifer.

Conditions
Type Well penetration Solutions
Wellbore storage Flow rate Hydraulic head
partial hy** Yang and Yeh (2005)
Constant-head test No
full hy** Yang and Yeh (2005)
partial h(r,z,1) Yang et al. (2006)
Constant-flux test No
full h(r,t) Yang and Yeh (2009)
partial h(r,z,1) Chen et al. (2007)
Slug test Yes
full h(r,t) Yeh and Yang (2006); Cooper et al. (1967)

Note: * Q represents a constant flow rate; ** h, represents a constant hydraulic head.

2007; Yeh et al. 2007) to analyze observed aquifer test data
for the estimation of the aquifer parameters.

4. CONCLUDING REMARKS

A general mathematical model describing the transient
hydraulic head in a radial confined aquifer system with a par-
tially penetrating well has been developed for three widely
used aquifer tests, i.e., the constant-head test, constant-flux
test, and slug test. The solution in the Laplace domain is
derived by applying the methods of the Laplace and finite
Fourier cosine transforms. In addition, the solution for each
of those three aquifer tests in aquifers with a fully penetrat-
ing well is also provided. This solution has been shown to
reduce to the solution of constant-head test when the well
water level is maintained constant and become the solution
of constant-flux test if the pumping rate is kept constant. In
addition, this solution also reduces to the solution of slug
test when the pumping rate is set zero. Obviously, this new-
ly derived solution can be considered a general solution for
dealing six different aquifer test problems for the test well
either fully or partially penetrated.
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