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ABSTRACT

This paper describes details of an automatic matrix decomposition approach for a reaction-based stream water quality
model. The method yields a set of equilibrium equations, a set of kinetic-variable transport equations involving kinetic reac-
tions only, and a set of component transport equations involving no reactions. Partial decomposition of the system of water
quality constituent transport equations is performed via Gauss-Jordan column reduction of the reaction network by pivoting
on equilibrium reactions to decouple equilibrium and kinetic reactions. This approach minimizes the number of partial dif-
ferential advective-dispersive transport equations and enables robust numerical integration. Complete matrix decomposition
by further pivoting on linearly independent kinetic reactions allows some rate equations to be formulated individually and
explicitly enforces conservation of component species when component transport equations are solved. The methodology is
demonstrated for a case study involving eutrophication reactions in the Des Moines River in Iowa, USA and for two hypo-
thetical examples to illustrate the ability of the model to simulate sediment and chemical transport with both mobile and im-
mobile water phases and with complex reaction networks involving both kinetic and equilibrium reactions.
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1. INTRODUCTION

As our understanding of complex biogeochemical in-
teractions and their mathematical formulation has improved
(SomlyéDy et al. 1998; Mann 2000; Yeh et al. 2001), gener-
ic transport models capable of simulating user-prescribed
reaction networks have been developed which have broad
applicability (Yeh and Tripathi 1989; Steefel and Cappellen
1998). A few reaction-based watershed models can handle
contaminant transport with kinetic reactions (Yeh et al.
1998; Cheng et al. 2000) using a “primitive” approach, in
which the partial differential equations (PDEs) governing
reactive transport are integrated directly to yield distribu-
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tions of water quality constituents in a region of interest
over time. However, when some reactions exhibit very fast
kinetics (near equilibrium behavior), the PDEs become in-
finitely stiff making their solution using the primitive ap-
proach intractable (Fang et al. 2003). This difficulty has
been overcome by the introduction of mixed differential
and algebraic equations (DAEs) for combinations of water
quality constituents according to equilibrium reaction ex-
pressions and eliminating equilibrium reactions from the
simultaneous solution of PDEs (Zhang et al. 2008). Most
surface water DAE models require manual identification
of the DAEs [DiToro 1976; Brown and Barnwell 1987
(QUAL2E); Ambrose et al. 1993 (WASPS5); Cerco and Cole
1995 (CE-QUAL-ICM)].
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Zhang et al. (2008) presented a reaction-based numeri-
cal model for sediment and reactive chemical transport in
rivers and streams that utilizes a generic reaction-based
approach to simulate a wide range of user-prescribed reac-
tion processes, including diffusion, sedimentation, aqueous
complexation, sorption/desorption, ion-exchange, precipi-
tation/dissolution, reduction/oxidation, volatilization/con-
densation and microbially-mediated reactions (Fig. 1). In-
dividual reactions representing any of these chemical or
physical processes may be simulated as kinetic rate-limited
reactions or as equilibrium reactions. Unlike most reaction-
based simulators that require rate laws to be specified in
a limited number of canonical forms (Fang et al. 2006),
Zhang et al. (2008) describe reaction rates of elementary
kinetic reactions based on collision theory (Stumm and
Morgan 1981). For non-elementary kinetic reactions, the
reaction rates can be formulated by user-specified rate func-
tions based on either empirical or mechanistic approaches.
Similarly, an equilibrium reaction can be described either by
a thermodynamic mass action equation or by an empirical
algebraic equation. Therefore, the model is able to include
virtually any type of kinetic and equilibrium expressions,
which makes the approach applicable to a wide range of
geochemical transport problems. A matrix decomposition
approach is employed to automatically determine DAEs for
combinations of water quality constituents involving equi-
librium and kinetic reactions.

The objective of this paper is to describe details of the
matrix decomposition approach and demonstrate its appli-
cation to complex reaction networks associated with sedi-
ment and dissolved phase transport in open channel flow. A
field case study is presented involving eutrophication in the
Des Moines River in Towa, USA to illustrate the physical
interpretation of matrix decomposition terms and to verify
results by comparing simulation results with field measure-
ments. Two hypothetical examples are presented to demon-
strate the broad applicability of the model to simulate sedi-
ment and chemical transport with both mobile and immobile
water phases and with complex reaction networks involving
both kinetic and equilibrium reactions.

2. MATHEMATICAL FORMULATION

In a reaction-based formulation, r; | vz, the net produc-
tion rate of water quality constituent i due to all NR reac-
tions [M L T"'], is given by the summation of rates of all
individual reactions in which the i-th water quality constitu-
ent participates

ri|NR=:]Z::RI[(Vik_uik) rk] ()

where V, is the reaction stoichiometry of the i-th water
quality constituent in the k-th reaction associated with the

products, L is the reaction stoichiometry of the i-th water
quality constituent in the k-th reaction associated with the
reactants, and ry is the rate of the k-th reaction [M L3 T-].

Therefore, the temporal-spatial distribution of M che-
mical water quality constituents in a reactive transport sys-
tem can be described by a set of M partial differential equa-
tions in the form (Zhang et al. 2008)

A(Ap.C. S
%+ OliL(piCi) = Akgl [(Vik - ) rk] ’

i€eM=M,,+M, 2

where A is the stream cross-sectional area [L?], p, is the den-
sity of the phase associated with water quality constituent i
[M L], C; is the concentration of water quality constituent
i [M M'], tis time [T], o; is O for immobile water qual-
ity constituents that are not subject to longitudinal transport
and 1 for mobile water quality constituents, M;,, is the num-
ber of immobile constituents, M,, is the number of mobile
constituents, i € M is used herein fori € {1,..., M}, and L
is a transport operator including advection, dispersion, and
source terms (Zhang et al. 2008).
Equation (2) can be written in matrix form as

aC,

U=

+0aL(C)=Avr 3)

where U is a unit matrix, for the sake of simplicity, C, is a
vector with components representing M water quality con-
stituent concentrations incorporating p, multiplied by the
cross section area of the river, a is a diagonal matrix with o
as its diagonal component, C is a vector with components
representing M water quality constituent concentrations in-
corporating p,, V is the reaction stoichiometry matrix, and
r is the reaction rate vector with NR reaction rates as its
components.

Equation (3) can be decomposed based on the type of
reactions via the Gauss-Jordan column reduction of reaction
matrix V (Chilakapati 1995). In order to avoid singularity
of the reaction matrix, redundant equilibrium reactions are
removed from the system prior to decomposition, so that the
remaining equilibrium reactions are linearly independent
(Zhang et al. 2008). Therefore, the total number of reactions
NR = Ng + N + Npg, where Ng is the number of equilib-
rium reactions, Nk is the number of linearly independent
kinetic reactions, and Npy is the number of linearly depen-
dent kinetic reactions. Through matrix decomposition, the
system of water quality constituent transport equations is
transformed to a system of transport equations for linear
combinations of water quality constituent concentrations.
These linear combinations of constituents obtained through
decomposition of the reaction matrix are defined as reac-
tion-extents (Zhang et al. 2008).
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ﬂ Water (1) Aqueous complexation in mobile water,
(8) Surface (2) Adsorption/desorption or ion-exchange between mobile water and
= " Suspended suspended sediment,
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(7) Precipitation/dissolution between immobile water and bed precipitate,
Immobil (7% Bed (8) Volatilization from mobile water,
Water l Sediment (9) Diffusion between mobile and immobile water,

(10) Sedimentation of particulates between suspended and bed sediment.

Fig. 1. Ten types of reactions taken account in the model.

Through column reduction of reaction matrix V by piv-
oting on the Ng equilibrium reactions, Eq. (3) can be incom-
pletely decomposed into two sets. The first set contains Ng
equilibrium-variable transport equations involving equilib-
rium reactions and the second set contains Nyz=M - Ng non-
equilibrium-variable transport equations involving no equi-
librium reactions. Equilibrium-variable transport equations
are then approximated with thermodynamic equilibrium
equations to facilitate the decoupling of equilibrium reac-
tions from the partial differential equations and allow robust
and efficient numerical integration (Zhang et al. 2008).

Furthermore, through column reduction of reduced
reaction matrix by pivoting on the N linear independent
kinetic reactions, Eq. (3) can be completely decomposed to

aC Dl vl v2 rF
USH+aL(C)=A|0, D, V,|{r, @)
0, 0, 0,](ry

where U’ is the reduced U matrix, o’ is the reduced @ matrix,
D, and D, are the “diagonal” submatrixes of the reduced V
matrix with size of N x Ng and N x N respectively, v,,
Vv, and V, are submatrixes of the reduced V matrix with
size of Ng x Ny, Ng x Npg and Nig x Npg separately, 0y, 0,,
0;, and 0, are zero submatrixes of the reduced vV matrix with
size of Nix X Ng, (M - Ng - Ng) x Ng, M - N - Nix) x N
and (M - Ng - Nig) x Npg respectively, and, rg, rix and rpg
are the equilibrium, the linear independent kinetic, and the
linear dependent kinetic reaction rate subvectors of r with
sizes Ng, N and Ny, respectively.

As a result, the decomposition of Eq. (3) to Eq. (4) ef-
fectively reduces a set of M simultaneous reactive transport
equations into three sets. The first set contains N equilibri-
um-variable transport equations involving equilibrium reac-
tions represented by corresponding thermodynamic equilib-
rium equations, the second set contains Nk kinetic-variable
transport equations involving kinetic reactions only with
each equation containing one and only one linearly indepen-

dent kinetic reaction, and the third set contains No = M - Ng
- Nix component transport equations involving no reactions.
These three sets of equations are described below.

Thermodynamic equilibrium equations for equilibrium reac-
tions

9(AE) "
ot L(E ) ADllkrEk +A Z v3kJrIK| +A Z v.uquKJ

rEk:r:fk_r:Jk’ IEM,kENE )]
Reactive transport equations for kinetic-variables

AE,
(a ) L(Em) ADanrlKk+AZ vskJrDKJ’l €M,k € NK]

(6)

Transport equations for components

AAE)

3t +L(E!")=0;donating T, =E,,i € M,k € N, (7)
where E, = - v U};p,C, is the total concentration of reac-
tion-extent i that could be an equilibrium-variable [Eq. (5)],
a kinetic-variable [Eq. (6)], or a component [Eq. (7)], and
E'=2Xi-im ()Ll p,C,is the mobile part concentration of
reaction-extent i. Equations (5) through (7) constinute (M +
N) equations for (M + N) unknowns, which are the concen-
trations of M species and reaction rates of N reactions. For
a kinetic equation, its rate can be explicitly formulated as a
function of species concentrations. However, for an equi-
librium reaction, both its forward rate, ry, , and backward
rate, r}, are infinite, its net rate, ry, = ry, - rj, , cannot be ex-
plicitly formulated in terms of species concentrations. In-
stead, a consistent thermodynamic approach can be used to
implicitly define its rate as

=X (PC" /X (PCuy kEN, ®)
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where K: is the equilibrium constant of the k-th reaction.
Once the reaction rates of all kinetic reactions are explicitly
formulated, Eq. (5) is decoupled from the system of Egs. (6),
(7), and (8). It can be simply stated that Egs. (6), (7), and
(8) are solved for the concentrations of M species followed
by posterior calculation of equilibrium reaction rates with
Eq. (5).

To achieve efficient and robust computations, three
coupling strategies to deal with reactive chemistry and five
numerical options to solve the advective-dispersive trans-
port equation were considered and introduced in details by
(Zhang et al. 2008). For each time step, the advective-dis-
persive transport with or without reaction terms is solved
first, reaction-extent by reaction-extent [e.g., Egs. (6) and (7)
yielded from complete decomposition]. Then, the reactive
chemical system is solved node by node to yield concentra-
tions of all water quality constituents (Zhang et al. 2008).

3. DES MOINES RIVER CASE STUDY

The water quality analysis simulation program
(WASP5) is a group of conventional mechanistic water
quality models capable of simulating fate and transport of
water quality variables and toxic organics for aquatic sys-
tems (Ambrose et al. 1993). Various components of WASP5
have been used to study river, lake, reservoir, and estuarine
issues, including ecological characterization, the effects of
anthropogenic activities, and the impact of mitigation mea-
sures (Bierman and James 1995; Lung and Larson 1995;
Tufford and McKellar 1999; Zheng et al. 2004).

EUTROS is a version of WASPS5 used to simulate nu-
trient enrichment, eutrophication, and dissolved oxygen in
aquatic environments. EUTROS constitutes a complex of
four interacting systems: dissolved oxygen, nitrogen cycle,
phosphorus cycle, and phytoplankton dynamics. It can
simulate up to eight species in the water column and the
benthic layer by solving 16 working equations (Table 1) for
16 state-variables, including: (1) ammonia NH; and NH;,,
(2) nitrate NO; and NO;,, (3) inorganic phosphorus OPO,
and OPO,,, (4) phytoplankton PHYT and PHYT,, (5) car-
bonaceous CH,Ot and CH,Ot,, (6) oxygen O, and O,y),
(7) organic nitrogen ONt and ONt,, and (8) organic phos-
phorus OPt and OPt,,,, where ‘t” denotes total and subscript
‘(b)’ denotes benthic. A total concentration is the sum of a
corresponding dissolved concentration and that sorbed on
sediments, for example, CH,0t = CH,0 + CH,Op, CH,0t,,
= CH,O, + CH,Op), ONt = ON + ONp, ONt, = ON,, +
ONp,), OPt = OP + OPp, and OPt,, = OP,, + OPp,,, where
‘p’ denotes particulate sorbed onto sediment. Therefore, the
16 state-variables simulated in EUTROS were transformed
into 22 water quality constituents.

To employ the reaction-based decomposition method
and the computer code we have developed (Yeh and Zhang
2005), the 16 working equations of EUTROS5 were recast in

the context of a reaction network (Table 2), which includes
32 kinetic reactions and 6 equilibrium reactions involving 27
water quality constituents: NH;, NH;,,), NO;, NO;,), OPO,,
OPO,,, PHYT,PHYT,, CH,O, CH,Op, CH,O,, CH,Op,,
0,, Oy, ON, ONp, ON,, ONp,, OP, OPp, OP,, OPp,),
CO,,H,0,H*,N,, and O,,. Rates of the 32 kinetic reactions
used in EUTROS were assumed not to be affected by the
last 5 constituents. Thus, the latter 5 constituents can be de-
coupled from the other 22. One therefore needs to simulate
only 22 constituents simultaneously from a reaction based
point of view. Had evidence indicated that the rate formula-
tion of the 32 kinetic reactions also depended on the other
5 constituents, then all 27 constituents would be modeled
simultaneously.

The question may be asked why EUTROS considers
16 rather than 22 water quality state-variables. Examination
of 6 equilibrium reactions reveals that the adsorption reac-
tions of aqueous CH,O, CH,O,, ON, ON,, OP, and OP,,
onto sediments were formulated as simple partition relation-
ships. Furthermore, rate equations are only functions of the
aqueous fractions of CH,Ot [= CH,0 + CH,Op], CH,Ot, [=
CH,O, + CH,0p,], ONt [= ON + ONp], ONt, [= ON, +
ONp,], OPt [= OP + OPp], and OPt, [= OP, + OPp,], not
functions of 12 individual water quality constituents. Elimi-
nating these 12 water quality constituents using the 6 parti-
tion equations and 6 equations defining the totals, the reac-
tion-based approach yields 16 identical equations as those
in EUTROS. In our reaction-based approach, we prefer to
model all 22 water quality constituents. This allows us, if
necessary, the flexibility of more mechanistically modeling
the sorption reactions and formulating the rate equations as
functions of all individual constituents. During decomposi-
tion of the reaction matrix, elimination of the 6 equilibrium
reactions is performed automatically rather than manually.

To demonstrate the capability of the proposed reaction-
based model and to validate the application of EUTROS to
a field problem, a case study was conducted for the Des
Moines River in Iowa, USA (Fig. 2), for which the eutrophi-
cation model of WASP5 was applied successfully (Gu and
Dong 1998). The reaction network (Table 2) extracted from
the WASPS working equations (Table 1) was employed in
the following simulation.

The study reach begins at the Des Moines Sewage
Treatment Plant located upstream of water quality sampling
station 6 and ends 38.6 km downstream at station 7. The
stream flow in the river reach was highly variable over time.
Severe drought conditions were experienced in central lowa
during the summer of 1977. The low flow condition in July
1977 offers an excellent opportunity to demonstrate the
eutrophication process as reaction kinetics becomes more
pronounced without significant source load from the drain-
age area of the reach. Therefore, the water quality data ob-
tained on 13 July 1977 are used to validate the WASPS5 eu-
trophication model using the reaction-based diagonalization
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Table 1. Original working equations of EUTROS.

No. Variables Notation Working equations
T-20 C4 ) T-20 C6 )
1 NH C aC, Do anc(l 'fon)c4 + kﬂ@ﬂ <KmPc+C4 G B G a0 Pat, Cy ~ k.01 (KMT+C6 G + A/P\C“m C )
’ ! at (death) (mineralization)) (growth) (nitrification) (flux)
T-20 CG T-20 KNOI DIF
. o . ac, KeOn (KN.T+C6>C Gran(1-Pu)C, 0O <K_\,<,‘+C6 )CZ . A/P\C’*“ C:)
} ? at (nitrification ) (growth) (denitrification) (flux)
T-20 C4 EDIF
3 OPO C aC5 _ DPlapc(l ‘fop)c4 k83®83 (KmPc+C4 )CS _ GPlach4 + A/P (CS(b) G )
N : at (death) (mineralization) (growth) (flux)
aC: __GuCi _ DuC, A/ P
4 PHYT 4 = Pl 4 _ Pl 4
G at ~ (growth) " (death) ~ (settling)
e Vall-fos) o 532, o Ko
5 CHZOt C; aCs _ aoc(KmQ, +K1gZC4) ] kD@D (KB0D+C6 )Cs A/P Cs ) 4 14 kzn@ <KN01+C6 )Cz
‘ at — (death) (oxidation) (settling) (denitrification)
Vis (1 -1
wl /P“S“”)Cm A7 (Cofos- Cafo)
(resuspension) (diffusion)
T-20 64 T-20 Cs 32 48 14
p o c aC, _ kO™ (C.-Cy) kO (KROD+C )C‘ g ke O <KN.T+CE )C‘ Gn| 35+ 7o (- P )]C4
’ o at ~  (reaeration) (oxidation) ) (nitrification) (phytoplankton growth)
?% ki@’ Cy hh]i:A;)I;P(CG_C"m)
" (respiration) = (diffusion)
C Vg (l - fm)
kn O3 (e Cr B (o fom - Cof
7 ONt c 3C; _ DnanfuCi " \Kuw+C, < A/p Y A/P‘ rorfory - Cror)
7 at —  (death) (mineralization) (settling) (flux)
20 C, V,z(l - fox) Eow . B
o . 5. Duaatyc, 0% (oo Y
¢ ot~ (death) (mineralization) (settling) (flux)
EDIF
9 NH C 9Ciw _ kPm@Eiéuanc(l - fnn(b))C4(b) Kono Ooxs Fo70 C o) B h, (Cl(b) - Cl)
® 1 at (algal decomposition) ' (mineralization) (flux)
EDIF -
10 NOs Com) Loy __ kZD.@.E;.z"C%(b) -t (G- C)
ot (denitrification) (flux)
Eor
11 OPO C Csw _ Koz Orzd e (1 - fopr ) Caarr + Koro O fose Cse __hy (Cs0-Cs)
o o ot~ (algal decomposition) (mineralization) (flux)
- Ve —C
8C4(h) _ kWD@gZ-DOCA(h) h, !
12 PHYT,, Caw dt ~ (algal decomposition) = (settling)
Va (1 - fns) 5 32 T.20 Vis (1 - st(b))
5 chod c 8Cw _ aukiw®ACun k@' Co b, < g1a*@On Cn T Cw
e ® dt ~ (decomposition)  (oxidation) (settling) (denitrification) (resuspension)
EDZIF (CSfDS - CS(h)fDS(h))
b
* " (diffusion)
E
14 0 C Csw _ kosOK"Csiy DlF(Cﬁ Cow)
20 6) at ~ (oxidation) (d1ffus1on)
Va(1-fy) Eor
15 ONt C Cw _ Krzo Opz5 @ue foniry C o R Kono O6xn fore Cra h, G hy (Crofor - Crfor)
® ® ot ~ (algal decomposition)  (mineralization) (settling) (flux)
V*‘(l fDS) Eor
16 OPt C 9Cs) _ kwn@wzp apL op(b) y Cam R kopn@éé@fnx(b)Cw h, Cs h, (Cx(b)fwb)_cxfm)
® o ot ~ (algal decomposition)  (mineralization) (settling) (flux)
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Table 2. Reaction network recast from EUTROS5 working equations.
No. Mechanism Reaction Reaction Rate
K1 PHYT growth a,.NH; + a,,OPO, + CO, + H,O — PHYT+%OZ R, =G.C,
K2 PHYT growth related nitrate reduction 2,.NO; — a,.NH; + %Oz R:=(1-Pu,)GuCs
K3  PHYT death-endogenous respiration PHYT + %02 - CO,+H,0 +4a,ON +a,OP R; =k.0"C,
K4 PHYT death-parasitization PHYT - a..CH,O + a,.ON + a,.OP R, =k.C;
K5 PHYT death-herbivorous grazing PHYT - a..CH,O + a,.ON + a,.OP Rs =k, ZC,
K6  PHYT death-promoted oxidation of ON  a,.ON — a,.NH; R =(1-fu)(ku®*Cr +kiCr + ki, ZC)
K7  PHYT death-promoted oxidation of OP  a,.OP — a,.OPO, R;=(1-1,)(ki®*C; +kiCr + ki, ZC)
K8  Benthic PHYT decomposition PHYT — auwCH: O + 2, ON, + 2, OPy, R = Kezn O175'Cs
K9  PHYT,, decomposition promoted aONg — a,.NHs Ry = (1 - fouen ) Ken O35 Cs - hy P/A
oxidation of ONy,
K10 PHYT,, decomposition Promoted a,.OPy) — 2,,OPO,, Rio = (1 - fopeen koo O Cs - hy P/ A
oxidation of OP,
K11  Phytoplankton settling PHYT — PHYTy, Ru= z: C;-h,P/A
K12 Re-aeration O — 0, R =k.0!*(C,-Cyp)
K13 Oxygen diffusion 0.~ Ouy Ri= F;lb (Cis-Cu)-hyP/A
K14  Carbonaceous oxidation CH.0+0, - CO,+H,0 Ru= kd@)ﬁ'm(iKmSiC” )(C9 +Cu)
K15 Benthic carbonaceous oxidation CH,O + Oy — CO, +H,0 Ris =kpsO5s” (Cii+Ci2)-hy P/A
K16  Carbonaceous settling CH.O0,, — CH,O4, Ru = ‘l’l—*c “h,P/A
K17  Carbonaceous re-suspension CH,O¢, — CH,O, Ry = Vh—TCu -h,P/A
K18 Carbonaceous diffusion CH,O — CH,O, Ri= F;l”é* (Co-Cu)-hyP/A
K19  Nitrogen mineralization ON — NH; Ry =k, 07 <—K.“,,CC+7- c, )(C15 +Cu)
K20  Nitrification NH,+940, - NOi +H,0 + H' Ru =k, O (L>cl
14 Kur+Cis
K21  De-nitrification 2cH.0+ N0 41 - 2o+ TN+ THO Ra = kO () 77
K22  Benthic nitrogen mineralization ONg,) — NHip Rz = kow O Crr-hy P/A
K23 Benthic de-nitrification 2 CH.00 + 43 NOiy +H' = 2.CO,+ AN+ TH:0 Ris=kuOR"Cy- 320, P/A
K24  Ammonia flux NH;) — NH; Ru= Eh[:F (C,-Ci)-hyP/A
K25 Nitrate flux NO.» — NO, R = ib (C.-Cy)-h,P/A
K26  Organic nitrogen settling ON,) — ONy) Ry = %?Cw ‘hy,P/A
K27  Organic nitrogen flux ONg — ON Ry = F;lD:F (Ci7-Ci5)-hyP/A
K28  Phosphorous mineralization OP — OPO, Rus = ke Q5 (ﬁ)(c 19+ Ca)
K29  Benthic phosphorous mineralization OP,, — OPO., R = koo Op Ca1i -y P/A
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Table 2. (Continued)

No.

Mechanism

Reaction Reaction Rate

K30  Phosphorous flux OPO, — OPO,

K31  Organic phosphorous setting OP,, — OPy,

K32  Organic phosphorous flux OP;, — OP

El Carbonaceous sorption CH,O - CH:»O,
E2 Organic nitrogen sorption ON — ONj,
E3 Organic phosphorous sorption OP - OP,,

E4 Benthic carbonaceous sorption CH,O¢ — CH2 Oy

E5 Benthic organic nitrogen sorption ON — ONy)

E6 Benthic organic phosphorous sorption OPy) — OPyy,

Eor (¢,-Cy)-h,P/A

Ry = h,

Ry= Y2 Coh, P/A
b

Ro= Eh(c -Cy)-hoP/A
b
Co
fos = Co+Cyo
ClS
for = Cis+Cys
CI‘)
fos Ciu+Cy
fDS(bcd) = L
Cu+Cp
fD7(bcd) = Cu
C|7+ CIS
fumbca) = L
Cu+Cy

Des Moines River

Raccoon

River Des Moines Sewage Treatment Plant

USGS

Gauging Station Des Moines River

Water Quality
Sampling Station #6

Water Quality
Sampling Station #7

Fig. 2. The Des Moines River study area, lowa, USA.

approach presented here. Prior to this, low stream flow con-
ditions of about 2.5 m? s! lasted for 6 days (Fig. 3).

The 38.6 km reach was assumed to have a triangular
shape cross-section with side slope of 1:22.9. It was dis-
cretized into 24 elements each with a length of 1609 m. The
calculated water depth was 2.59 m and the flow velocity was
0.0326 m s™'. According to monitoring station observations,
the water temperature was 27.5°C, suspended sediment con-
centration SS was 35 g m*, and bed sediment concentration
BS was 3.26 g m?, which are regarded as uniform through-
out the reach. It was assumed that the density of column
water P, = 1.0 kg L', density of bed water p,, = 1.0 kg L,
bed depth h, = 0.1 m, and porosity of the bed sediment 6, =
0.5. A Dirichlet boundary condition was applied at the up-
stream boundary. A out flow variable boundary condition
was applied at the downstream boundary. Table 3 shows
initial concentrations of all water quality constituents and
Dirichlet boundary concentrations of mobile constituents
assigned according to the water quality data obtained at a

US Geological Survey gauging station located 3.5 km up-
stream (Fig. 2). Longitudinal dispersivity was assumed to
be 100 m. A 6-day simulation was performed with a fixed
time-step size of 0.5 day. Figure 4 plots the in stream con-
centration of DO, BOD and total ammonia as nitrogen at t =
6 days when field data are available. The simulated DO,
BOD, and ammonia nitrogen concentration profiles agree
well with field measurements. The various reaction rate pa-
rameters were determined by the typical value of the param-
eter or the median of the normal range given by (Ambrose
et al. 1993), except that the value of carbonaceous oxidation
rate coefficient kd was assigned to 0.16 day' at the lower
limit of the value range 0.16 - 0.21 day™' because the model
slightly under estimated both BOD and DO using the me-
dian value of 0.185 day'.

4. PHYSICAL INTERPRETATION OF REACTION
MATRIX DECOMPOSITION

The general diagonalization paradigm through matrix
decomposition provides a protocol for formulating rate ex-
pressions and investigating assumptions and limitations of
the employed reaction model. To illustrate this, consider a
simplified EUTROS reaction network in a well-mixed sys-
tem that includes eutrophication without taking into account
sediment-biogeochemical interactions and advection-dis-
persion. This simplification will facilitate discussion with-
out loss of generality.

The reaction network for the simplified system is given
in Table 4, which includes 13 kinetic reactions involving 13
water quality constituents: NH;, NO;, OPO,, PHYT, CH,0,
O,, ON, OP, CO,, H,0, H*, N,, and O,,. Substitution of
this reaction network into Eq. (1), the governing equation
for a well-mixed system, results in 13 ordinary differential
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equations for 13 water quality constituents. The complete de-
composition of the reaction matrix for the 13 constituents re-
sults in a set of 8 kinetic-variable equations [Eqs. (1) through
(7) and Eq. (13) in Table 5] and 5 component equations
[Egs. (8) through (12) in Table 5]. If we substitute Eq. (13)

into Egs. (1) and (6) in Table 5, the resulting first 8 equa-
tions are then decoupled from the last 5 equations. The de-
composition approach offers the advantage that the conser-
vation of phosphorus is explicitly enforced when these eight
equations are solved for the 8 water quality constituents

<
<
<o
o

Stream flow (m® s™")
O =2 NWhh TN OO
<

Mmoo s T 79

7M1 73 7S5 717 719

Date (1977)

Fig. 3. The reach streamflow under study at the USGS Gauging Station during the 1977 summer drought.

Table 3. Chemical constituents simulated in the Des Moines River case study.

Chemical constituent Note [ol Initial concentration = Boundary concentration
NH; C, [N 7.6 mgN/kg 7.6 mgN/kg
NH,;, C, Phyp.s 6:/A 7.6 mgN/kg -

NO; C, Pw 0.35 mgN/kg 0.35 mgN/kg
NO;, C, Phypus 0,/ A 0.35 mgN/kg -
OPO, C, P 0.4 mgP/kg 0.4 mgP/kg
OPO,, C, PhyPus 0,/ A 0.4 mgP/kg -
PHYT C, [ 6.0 mgC/kg 6.0 mgC/kg
PHYT,, C, Phypus 6:/A 6.0 mgC/kg -
CH,O C, Pw 5.25 mgO,/kg 5.25 mgO,/kg
CH,0, C, SS 0.15 mgO,/mg 0.15 mgO,/mg
CH,0Oy, C, Phypus 6:/A 5.25 mgO,/kg -
CH,Oy, C, PBS/A 0.0136 mgO,/mg -

0O, C, o 3.6 mgO,/kg 3.6 mgO,/kg
Oy C, Phypus 6:/A 3.6 mgO,/kg -

ON C Pw 1.15 mgN/kg 1.15 mgN/kg
ON, C SS 0.0 mgN/mg 0 mgN/mg
ON,, c, Ph, . 0,/ A 1.15 mgN/kg -
ONyyp) C, PBS/A 0.0 mgN/mg -

(0)3 C, Pw 0.28 mgP/kg 0.28 mgP/kg
OP, C, SS 0.00343 mg P/mg 0.00343 mgP/mg
OP, C, Phyp.s 6:/A 0.28 mgP/kg -
OP,, C, PBS/A 0.00031 mgP/mg -
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considered. Once the resulting 8 equations are solved for
C, through Cg, Eq. (13) is used to calculate the dynamics
of Oy, and Eqgs. (9) through (12) are used to calculate the
amount of H*, H,0, CO,, and N, that must be supplied to
conserve mass for protons, water, carbon dioxide, and ni-
trogen. In an open aqueous system, the amount of nitrogen
in the atmosphere can be considered infinite. Also in a large
water body, the amount of water needed to maintain mass
conservation due to biogeochemical processes can be easily
met. A more troublesome issue is what will be the source of
protons H* and carbon dioxide CO, to maintain their conser-
vation with respect to reactions. In general, the mass of CO,
in the atmosphere is large compared to mass of carbonate in

the river system. For any system, if this nagging question
cannot be clearly answered, then the pH and partial pres-
sure of CO, would probably be important factors control-
ling reaction rates and inducing additional biogeochemical
processes. Under such circumstances, one probably has to
revisit the rate equations and conduct research to uncover
additional reactions relevant to the system under investiga-
tion.

The diagonalization approach allows one to formulate
some of the rate equations one by one. For example, the
reaction rate R, can be calculated by plotting the concentra-
tion of E, versus time in which E, is the linear combination
of C;, C,, Cy, Cs, G4, C;, and [Oyy] [see Eq. (1) in Table 5].

12
m  DOdata —— DO model
~10° A BODdata ------- BOD model
4 ® Ammoniadata —-—--—Ammonia model
o 8
E
c <
s 6 sl y
E ------ ~ -A- "N ... p
% 4 i _ u | |
o —u T T ——r— = — - —
c 2 [}
Q [
O
0
18 24 30 36
River distance (km)
Fig. 4. Measured and simulated chemical concentrations in the Des Moines River.
Table 4. Simplified EUTROS reaction network.

No. Mechanism Reaction Rate
1 PHYT growth a.NH, +2,0PO, + CO, + H.O — PHYT +32.. 0, R,
2 PHYT growth related nitrate reduction 2, NO; — a..NH; + % -0, R,
3 PHYT death-endogenous respiration PHYT + % -0, - CO,+H,0 +a,.ON +a,.OP R,
4 PHYT death-parasitization PHYT - a,.CH,O + a,.ON + a,.OP R,
5 PHYT death-herbivorous grazing PHYT - a,.CH,O +a,.ON +a,.OP Rs
6 PHYT death-promoted oxidation of ON a,,ON — a,.NH; R
7 PHYT death-promoted oxidation of OP a,.OP — a,OPO, R,
8 Re-aeration Oz — 02 R
9 Carbonaceous oxidation CH,0 +0, - CO,+H,0 R,

10 Nitrogen mineralization ON — NH; Ryo

Il Nitrification NH.+%4.0, - NOi +H.O +H' Ry,

12 De-nitrification 1.25CH,0 + % ‘NO; +H" - 1.25CO, +0.5N; + 1.75H,0O R,

13 Phosphorous mineralization OP — OPO, Ry;
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Table 5. Working equations for the reaction-based diagonalization approach.

No. Working Equations
' @_dh 14¢ (2 12/% 4 14>C2+(12+a“ 3 14)Ci+ Co-Cot -5 Cr-Ouy L. 32,
de — dt =- 14 ™o
5 dE, _ d(C:+Ci+auCi+Cy) 145
de ~ dt T3t
3 B 20— R+ aR +R
5 12+ 5 12 5 12 12~ 5.1
d 1-an~ 57 Ca-_'_C|-_‘_Cz+4OC3+—C5-—‘—C7
4 dE, _ [( T 1)C T 1aC T 3274 14 ]=—R3+4OapcR7—R9+4OR.3
dt dt
532~ 5232~ 5232~ 5 32
5 @:d(c-“zx 12 g Gy Gy 14C7):QR L32r R
dt dt [P Tl
1. 14~ 3 3 14/ 3 (114 3N\, 1 14~ 3~ .1 14
. @_d[s 2 < 20C‘+(10 12/%720 I)CZ (512 %20)C 5 3G 20 + s 320l CuR
dt = dt = anc kX2
d(a‘”c +Ci+a C)
7 3 pe Ly
7 d£7 = Bne dt :-apuR6+apcR7-%Rm+Rn
d(Cs+Cs+a,C
qe3 1o (3.1 / 3 1 1., 3 1 1. 1~ 11 3 1 1 1
- @_d[[H]J'zo 14 (10 12/ 20 14)CZ+(5 220 14)%5 3205 2% 20 14O 32[0”~“’]]_0
dt ~ dt B
33 18 33 18 3 18 6 18 . 33 18 6 18~ 1 18~ 33 18~ 1 18
dT, d[[HZO“zo 14C1+(20 14 " 10a, 12)C2+(5 Dty 14)Cr s 305 3t w53 [O“’]]
0H0  Gt= i =0
12
inco, G- d([coz]+§4+§cs) =0
- t t
dT; _ d([N:]+Ci+Co+a,Ci+Cy)
12N, de ~ dt =0
dE. d[02<g>]
13 Oy - a TR

Note: C, = NH;, C, = NO;, C; = OPO,, C, = PHYT, Cs = CH,0, Cs = O,, C, = ON, and Cy = OP.

Similarly, reaction rates R,,, R,, and Ry can be calculated
from the dynamics of E,, Eq, and Eg, respectively. Because
linearly dependent reactions are present in the system, one
cannot formulate all rate equations independently. To do so,
one has to design an experimental system in which only lin-
early independent reactions occur in order to individually
and mechanistically formulate rate equations.

5. EXAMPLE PROBLEM

This hypothetical example was designed to demon-
strate the capability of the model to simulate coupled sedi-
ment and reactive chemical transport with all ten types of
reactions presented in Fig. 1.

A 20 km-long stream reach with a width of 20 m and
a water depth of 2 m was considered. The domain was dis-

cretized into 100 equal size elements (200 m each). The
stream velocity was constant at 1 m s'. Only one size of
cohesive sediment was taken into account with a settling
speed of 1.0 x 10° m s, erodibility of 0.15 g m? s, critical
shear stress for deposition of 2.85 g m™! s, and critical shear
stress for erosion of 2.48 g m™' s, Manning’s roughness was
assumed to equal 0.02.

Three chemicals were considered which are dissolved
in the mobile water phase (CMW1,CMW2, and CMW3), in
the immobile water phase (CIMW 1, CIMW?2, and CIMW3),
in suspended sediment phase (CS1, CS2, and CS3), and in
bed sediment phase (CB1, CB2, and CB3). Additionally,
one suspended precipitate (SP3) and one bed precipitate
(BP3) were modeled yielding a total of 14 water quality con-
stituents. These constituents were subject to the interactions
summarized in Table 6. Totally, there are twenty reactions,
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Table 6. Chemical reactions considered in the example problem.

Reaction and rate parameter Type * No.
CMWI +CMW2 - CMW3 (k= 0.4 m¥g) 1 R,
CMWI1 +SS < CS1+SS R
CMW?2 +SS — CS2 +SS 5 Rz
CMW3 +SS « CS3 +SS R"
(k; = 0.001 m*/gSS/s, k, = 0.0 s) !
CMWI1+BS - CBI +BS N
CMW2+ BS « CB2 + BS A R“
CMW3+ BS « CB3 + BS R"’
(k; = 0.00001 m*gBS/s, k, = 0.0P/A m' s) §
CS1 < CBI (k; = Depo,P/A gSS/m?/s, k, = Eros,P/A gBS/m’/s) Rq
CS2 « CB2 (k;= Depo,P/A gSS/m?/s, k, = Eros,P/A gBS/m?/s) 10 R,
CS3 « CB3 (k;= Depo;P/A gSS/m?/s, k, = Eros;P/A gBS/m?/s) Ry
CMW1 — CIMW1 ®
CMW2 — CIMW2 !

9 R,
CMW3 « CIMW3 R
(k;=0.0001s", k, = 0.0Ph,0,/A s .
CIMW1 + CIMW2 — CIMW3 S ®
(k; = 0.0002Ph,0,/A m¥/g/s , k, = 0.0005Ph,0,/A s 8
CIMWI + BS — CBI +BS N
CIMW2 + BS — CB2 +BS . R"‘
CIMW3 + BS < CB3 +BS R“’
(k; = 0.00001Ph,0,/A m*/gBS/s, k, = 0.0P/A m's") v
CMW2 - P g ®
(k; = 0.0002 s, k, = 0.02 ¢/m¥/ATM/s, P = 0.0025ATM) *
CMW3 — SP3

3 Ry
(k;=0.001 s, k, = 0.000001 s™)
CIMW3 - BP3

7 Ry,

(k;=0.0001Ph,0,/A s, k, = 0.0000001Ph,0,/A s)

* The reaction types are defined in Fig. 1.

among which, R, is an equilibrium aqueous complexation
reaction among the three dissolved chemicals in the mobile
water phase; R, through R, are kinetic adsorption reactions
of the three dissolved chemicals in the mobile water phase
onto the suspended sediment phase; R through R are ki-
netic adsorption reactions of the three dissolved chemicals
in the mobile water phase onto the bed sediment phase; Rg
through R, are kinetic sedimentation reactions of the three
particulates between the suspended and bed sediment phas-
es; Ry, through R;; describe diffusive mass transfer of the
three dissolved chemicals between the mobile and immobile
water phases; Ry, is a kinetic aqueous complexation reaction
among the three dissolved chemicals in the immobile water
phase; R5 through R;; are kinetic adsorption reactions of
the three dissolved chemicals in the immobile water phase
onto the bed sediment phase; Ry; is a kinetic volatilization

reaction of the second dissolved chemical in the mobile wa-
ter phase; Ry is a kinetic precipitation/dissolution reaction
between the third dissolved chemical in the mobile water
phase and suspended precipitate; and Ry, is a kinetic pre-
cipitation/dissolution reaction between the third dissolved
chemical in the immobile water phase and bed precipitate.
The model for this example involves 1 equilibrium
and 19 kinetic reactions and yields 13 transport equations
for non-equilibrium variables and 1 equilibrium equations
following incomplete decomposition, which are solved to
obtain the 14 water quality constituents (Table 7). In the
table, p,, the density of the phase associated with water
quality constituent i, is p,, for CMW1-CMW3 and SP3; SS
for CS1-CS3; Ph,p,,6,/A, for CIMW1-CIMW3 and BP3;
and P-BS / A, for CB1-CB3, where the column water den-
sity p,, = 1.0 kg L', bed water density p,, = 1.0 kg L', river
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Table 7. Equations obtained through decomposition in the example problem.

Equations Type*
@ +L(ET) = A(-R:-Ri-R5-Rs-Ru-Ris-Riy) where Ei = EI' = pevwi Cawi + Paws Conw 1
@ +L(E?) = A(-R;-Ri-R¢-R;-Ri-Ris-Ris - Ryw) where E; = EF = PewCenwa + Perws Cemws 1
a(gtEJ) +L(EY) = A(R: - Ry) where E; = Ef = pesi Cesi .
a(fgtEa) +L(E}) = A(R; - Ry) where E; = E} = pes Cess |
8(/;155) +L(ED) = A(R:-R) where E; = E? = pes Cess {
3(1;:5"’) +L(E§)= A(Rs+Rs+Rs) where Es = pcpi Ceni and E§ = 0 .
a(’;’?) +L(E7) = A(R¢+ Ry +Ris) where E; = pcn: Ceno and EF = 0 )
a(/;tE*) +L(Ef) = A(R; + Ry +Ry7) where E = Pegs Cess and Ef = 0 {
a(‘gtE:‘?) +L(E§)=A(Rii-Riu-Ri5) where Es = pewi Conwi and E5 = 0 |
@ +L(E%) = A(R:i2- Ris- Ris) where Eio = Pz Cennwz and Efy = 0 |
% +L(E%)=A(R;3+R;-Ry;-Ry) where By = pews Cawws and Efy = 0 1
a(gf”) +L(ED) = AR where Ep» = Ef = s Cons |
a(/;];:l}) +L(E%) = ARy, where E s = Pgrs Cors and ETy = 0 |
Cowws = 0.4C i Conws 5

* Type 1 is a non-equilibrium variable transport equation and Type 2 is an equilibrium equation.

bed depth h, = 0.1 m, and bed sediment porosity 0, = 0.5.
Among the 13 non-equilibrium-variables, the 6™ through
11™ and the 13" contain no mobile constituents and are thus
not solved in the advective-dispersive transport step. There-
fore, instead of solving 7 advective-dispersive transport
equations for mobile water quality constituents in a primi-
tive approach, we need only to solve 6 advective-dispersive
transport equations for non-equilibrium variables. Since the
equilibrium reaction is decoupled and not included in the
transport equations, the formulation is intrinsically parsimo-
nious.

Initially, only sediment exists in the domain of interest
with a suspended concentration SS of 1 g m and a bed con-
centration BS of 50 g m?. As the simulation starts, Dirichlet
boundary conditions are applied at the upstream boundary
where suspended sediment has a constant concentration of
1 g m?, all three dissolved chemicals in the mobile water
phase have constant concentrations of 1 mg kg, and all oth-
er mobile constituents have zero concentrations. A variable
boundary condition is applied to the downstream boundary
node. The longitudinal dispersivity is 80 m. A 90000-sec-
ond simulation is performed with a fixed time-step size of
150 seconds.

Figure 5 shows a trend of increasing suspended sedi-
ment concentration with distance downstream, and decreas-

ing bed sediment with time, indicating that deposition is
less than erosion under the conditions in this example. The
concentration of CMW1 also decreases with distance since
it is subject to adsorption but desorption does not occur.
In the zone near the Dirichlet boundary, the concentration
distribution curve of CMW1 is not smooth. Due to equi-
librium among the three dissolved chemicals in the mobile
water phase, the concentration of CMW1 increases to its
equilibrium value. The only source of dissolved chemicals
in the immobile water phase is the corresponding dissolved
chemicals in the mobile water phase. Therefore, the concen-
tration distribution of CIMW 1 shows the similar pattern of
CMWI1.

Since dissolved concentrations are low in the down-
stream region, most of the chemical transport occurs via
suspended sediment. Because erosion is greater than depo-
sition, we observe increases in CS1 with time and decreases
in CB1 with distance. Since the particulate chemicals in the
bed sediment phase result not only from dissolved chemi-
cals in the mobile water phase, but also from those in the
immobile water phase, the decrease of CB1 with distance
also reflects the similar pattern of CMW1 and CIMW1.

Since the major source of suspended precipitate in the
downstream region is transported from the upstream region,
we observe an increase of suspended precipitate concentra-
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Fig. 5. Concentration profiles for the example problem simulating sediment and reactive chemical transport with ten types of reactions: (a) sus-
pended sediment SS; (b) bed sediment BS; (c¢) dissolved chemical in the mobile water phase CMW 1; (d) dissolved chemical in the immobile water
phase CIMW 1; (e) particulate chemical in the suspended sediment phase CS1; (f) particulate chemical in the bed sediment phase CB1; (g) suspended

precipitate SP3; and (h) bed precipitate BP3.

tion with time. Since the bed precipitate is involved in the
precipitation reaction only, its concentration decreases with
distance, reflecting the decrease in dissolved chemical con-
centration in the immobile phase.

6. CONCLUSIONS AND REMARKS

This paper presents the matrix decomposition ap-
proach for a reaction-based water quality model. The fate

and transport of water quality constituents was mathemati-
cally described by a system of advective-dispersive-reactive
transport equations with user-prescribed kinetic and/or equi-
librium reactions. Through incomplete decomposition of the
system of water quality constituent transport equations via
Gauss-Jordan column reduction of the reaction network by
pivoting on equilibrium reactions, equilibrium and kinetic
reactions are decoupled, which may reduce the number of
partial differential advective-dispersive transport equations
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and enables more robust numerical integration. Through
complete matrix decomposition by further pivoting on lin-
ear independent kinetic reactions, some rate equations are
allowed to be formulated individually and conservation of
component species is explicitly enforced when the compo-
nent transport equations are solved. The general paradigm
of modeling water quality transport presented here can sim-
ulate any reaction network describing conceptualized bio-
geochemical processes. For examples, the biogeochemical
processes embodied in the widely used WASPS, QUALZ2E,
and CE-QUAL-ICM have been successfully transformed
and casted in reaction networks (Yeh et al. 2001), imply-
ing that these three models can be simulated using the code
developed here. The model has been applied to and vali-
dated with a field problem using the eutrophication model
of WASPS. The capability of the model to simulate general
problems beyond WASPS5, QUAL2E, and CE-QUAL-ICM
has been demonstrated using two examples with complex
mixed equilibrium and kinetic reactions. The challenge of
applying the present model to any practical field problem
is the transformation of biogeochemical processes into re-
action networks. The challenge is by no means easy, and
it usually requires years of hard core basic research. The
model provides a protocol for modeling various conceptual-
izations to undertake such endeavors.

7.NOTATION

0, zero submatrix of reduced v,i=1, 2, 3, 4;
stream cross-sectional area [L?];
BS  bed sediment concentration [M L-];

C water quality constituent concentration vector incor-
porating p;;

C,  water quality constituent concentration vector incor-
porating p, multiplied by A;

G concentration of water quality constituent i [M M™'];
D, “diagonal” submatrix of reduced v,i=1,2;
E; concentration of the i-th reaction-extent [M L73];

E!" concentration of mobile part of the i-th reaction-ex-
tent [M L?];

E™ concentration of immobile part of the i-th reaction-
extent [M L3];

h, stream bed depth [L];

L transport operator incorporating source terms;
M  total number of water quality constituents;

M,, number of immobile water quality constituents;
M, number of mobile water quality constituents;
NR total number of reactions;

Nc  number of components;

Npx number of linearly dependent kinetic reactions;
N  number of equilibrium reactions;
Nix  number of linearly independent kinetic reactions;

p time step number;

vl

stream cross-sectional wetted perimeter [L];

R reaction rate vector with NR reaction rates as its
components;

rpk linear dependent kinetic reaction rate subvector of r
with size of Npg;

I'g equilibrium reaction rate subvector of r with size of
Ng;

R;  production rate of reaction-extent i due to biogeo-
chemical reactions [M L3 T'];

r linear independent kinetic reaction rate subvector of
r with size of Nig;

production rate of water quality constituent i due to
all NR reactions [M L3 T];

I rate of the k-th reaction [M L3 T"'];
r backward rate of reaction k [M L3 T'];

I‘ilNR

Il forward rate of reaction k [M L T-'];

SS  suspended sediment concentration [M L*];

t time [T];

U unit matrix;

U’ reduced U matrix through completele decomposi-
tion;
diagonal matrix with oy as its diagonal component;

a; mobility of water quality constituent i;

o/ reduced @ matrix through completele decomposi-
tion;

0,  porosity of the bed sediment [L* L?];

Wi reactant reaction stoichiometry of i-th constituent in
k-th reaction;

nonzero submatrix of reduced v,i=1, 2, 3;

V,  product reaction stoichiometry of i-th constituent in
k-th reaction;

o density of the phase associated with water quality
constituent i [M L3];

p,  density of column water [M L~]; and

p,, density of bed water [M L3].
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