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ABSTRACT

In this paper, a two-dimensional numerical study of a plasma density gradient effect on Farley-Buneman waves (FB
waves) is performed via a two-fluid code in which the electron inertia is neglected while the ion inertia is retained. We focused
the simulations on the interaction between a single wave mode and the background E region where the vertical density gradient
profile and the weaker than FB threshold ambient electric field were considered. From 2D density contour maps, it was found
that the FB wave grows in the region of VN, - E > 0 (where VN, is the electron density gradient and E is the electric field), the
initial growth rate was in reasonable agreement with the prediction of the combined linear theory of Farley-Buneman and
gradient drift instabilities, and the propagation speed was modulated by the gradient strength. According to the phase velocity
evaluated by the Fourier analysis and peak to peak estimation method, the density gradients were found to have an effect of
lowering the phase velocity at saturation, which is smaller than ion-acoustic speed for large scale waves, and the results
demonstrated that the reduction of phase velocity by a density gradient effect was larger for a longer wavelength wave than
shorter wavelength curve. It was also found that the plausible density gradient effects seem to be related to the thickness of the
density gradient region and vertical electric field where the FB wave was traveling. The thicker unstable layer would cause a
greater phase velocity reduction than the thinner unstable layer might cause, and the large driving electric field would reduce
the wavelength dependence of density gradient effect on the saturation phase velocity.
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1. INTRODUCTION

The existence of plasma waves in the E region has been
known for several decades. Numerous studies on those
plasma waves have led to a conclusion that the mechanisms
generating the plasma waves demonstrate Farley-Buneman
(FB) and the gradient-drift (GD) instabilities (e.g., see
Fejer and Kelley 1980; Farley 1985; Kelley 1989). If the
driving-electric-field is strong enough, the FB instability
will generate short-scale (at the order of meter or smaller)
FB waves (called type 1 waves in the ionospheric physics
literature) directly. If there is a density gradient along the
direction perpendicular to the magnetic field (vertical gra-
dients at the magnetic equator, horizontal gradients at high
latitude), the region can become unstable for a much weaker
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electric field via the GD instabilities and excite large-scale
waves usually of wavelengths at the order of tens of meters
or larger. The shorter wavelength waves seen by radar (type
2 waves) were proposed to be generated by a nonlinear cas-
cade process (McDonald et al. 1974; Keskinen et al. 1979;
Sudan 1983b; Farley 1985; Haldoupis et al. 2005).
Following the combined linear theory of Farley-Bune-
man and gradient-drift (FB-GD) instabilities, if the density
gradients exist along the ambient electric field which is
slightly weaker than the FB instability threshold electric
field, the short-scale FB waves can still be excited directly.
Because the threshold condition varies with the wavelength
under the density gradient condition, Farley and Fejer
(1975) attributed the type 1 spectrum broadening to the ef-
fect of the density gradient term of the FG-GD instability
theory. The observation evidence of a density gradient effect
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on type 1 waves was presented by Hanuise and Crochet
(1981), who found the lower type 1 Doppler velocities as
their radar observation shifted from higher to lower radar
frequencies. They attributed the lower instability thresholds
to a destabilized ambient plasma density gradient. It was also
applied extensively in numerous studies such as the interpre-
tations of types 3 and 4 VHF aurora echoes (e.g., see a re-
view by Moorcroft 2002). In situ rocket measurements
(Haldoupis et al. 2000, 2005) of E-region electron density
profile had shown that the density gradients existed widely
in any latitude E-region of 100 - 110 km altitude, and that the
scale lengths of the destabilized plasma density gradient
originated from sporadic E layer were smaller than 2 km.
However, Haldoupis et al. (2005) argued against a density
gradient effect on short-scale FB waves, because they found
no gradient drift effects on lowering the FB instability thre-
shold and the wavelength dependence of phase velocity by
the observation of two radar frequencies at 144 and 50 MHz.
They also pointed out that the other statistical HF radar stu-
dies in the aurora region (e.g., Hanuise et al. 1991; Milan et
al. 1997; Milian and Lester 2001; Lacroix and Moorcroft
2001) had also reached the same conclusion. However, their
studies had focused on the shorter scale FB waves of wave-
lengths of 1 and 3.15 m, and the relevant HF radar observa-
tions were located in the aurora region with a strong electric
field, where some physical mechanisms are still not com-
pletely understood and clearly need more accurate study us-
ing more precise techniques including numerical simulation.
Several of 2D nonlinear simulations of short-scale FB
waves have been performed respectively using a particle
code (Janhunen 1994), hybrid code (Oppenheim and Otani
1996) and fluid code (Newman and Ott 1981; Fern et al.
2001). The 2D nonlinear simulations of large-scale GD in-
stability were developed by McDonald et al. (1974); how-
ever, there is still no 2D nonlinear simulation on FB-GD the-
ory, probably because it is difficult to combine the short-
scale FB instability and large-scale GD instability, especially
for particle code and hybrid code which needs extraordinarily
large computer working space for large-scale range. In this
paper, we extended the simulation of FB instability into
large-scale range containing plasma density gradients by a 2D
fluid code, and studied the possible gradient effects on FB
waves. We found that the thickness of the vertical region and
vertical electric field where horizontal FB waves were travel-
ing are possible factors of the gradient effects on FB waves.

2. NUMERICAL MODEL FOR DENSITY
GRADIENT EFFECTS ON FARLEY-BUNEMAN
WAVES

2.1 Numerical Model and Method of Data Analysis
It is known that a density gradient distribution exists

within large scale space, where the wavelength of two-
stream waves (i.e., FB waves) about 1 ~ 30 m would be re-

garded as small scale. The past 2D simulations of pure two-
stream waves, such as particle code or hybrid code, focused
only on a much smaller scale waves, so that the 2D simula-
tion of density gradient effect on two-stream waves covering
large scale space was practically non-existent. Pfaff et al.
(1987) compared the growth rate of FB waves calculated by
Schmidt and Gary (1973) with the spectrum of electric field
fluctuations measured in the CONDOR rocket flight and
found that, the fluid theory is accurate for FB waves with
wavelength larger than 3 m, and the kinetic theory should be
taken into consideration for the smaller scale waves with
wavelength smaller than 2 m. Our numerical model is basi-
cally a fluid code, detailed in a previous paper (Fern et al.
2001). For the convenience of the readers, we put the numer-
ical model in Appendix A. The numerical computations
were performed on a two-dimensional Cartesian mesh using
81 points in the x direction (east-west) and 261 points in the
z direction (vertical), where the length X of the simulation
box in the x direction for matching small scale horizontal
wave is far smaller than the length Z in the z direction corre-
sponding to the large scale background space. A periodic
boundary condition is imposed on both electron density n
and electric potential @ in both x- and z-direction, a symmet-
ric electron density gradient distribution in the vertical z-
direction (see the sketch in Fig. 1) matching the periodic
boundary is superposed on the constant background. At 7 =
0, the electrons are set to move uniformly at drift velocity 7/, ,
and the ions assume a constant velocity ¥, = Q,E, /vi,Bo,
where Q; and v;, are the ion-gyro frequency and ion-neutral
collision frequency respectively, £, is the background driv-
ing electric field and By is the magnetic field strength. Then a
density perturbation with amplitude on = n, sin(/x) is su-
perposed on the background density, where /¢ is the wave-
number to be assigned. A complete simulation will produce
a data set of perturbation density dn(x, z, ¢) for analysis.

By a series of computations, the perturbation density
on(x, z, f) at each grid point at every time step is obtained. In
addition to plotting the 2D density contour maps at some
simulation time step to reveal the 2D evolution of plasma
density, the spatial-Fourier analysis of plasma density varia-
tion in the x-direction at a fixed height z and at time ¢ (we
sampled only the first time step of every 10 steps without
loss of wave information) is also made to obtain the informa-
tion of different wave modes,

on(x, z, 1) = zk:[Ak (z, t)cos(kx) + B (z, t)sin(kx)]
(1

The horizontal wavelength with wave-number & is 2 n/k,
which is well defined by the horizontal length X of our simu-
lation box. For example, the wavelength of the 6™ horizontal
spatial Fourier mode is X/6, and so forth. Then the coeffi-
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Fig. 1. The sketch graph for the limited vertical scale of horizontal FB
wave covering vertical density variation An, where x representing hori-
zontal direction, z representing vertical direction. The vertical electric
field E, is directed downward and magnetic field B, directed inward.

cient 4y (z, ?) is plotted as function of time ¢, from which we
may estimate the wave period of each wave by measuring
the time interval between two successive peaks, hence the
horizontal phase velocity can be determined. We may also
identify each wave from the plots as a growing or damping
wave, since the wave will neither grow nor dampen at the
threshold and enable us to estimate the FB-GD instability
threshold for the two-stream wave by a series of simulations
at a different electron drift velocity. We may also evaluate

the absolute amplitude /4, + B; of each wave at every

time step and then calculate the linear growth rate by least
square fitting method. The estimation of growth rate will
help us estimate the FB-GD instability threshold.

2.2 A Test of the Numerical Model Using the Linear
FB-GD Instability Theory

The linear instability theory of the ionospheric E-region
plasma waves had been presented, discussed, and applied in
numerous papers. The FB-GD instability mechanisms can
account for density gradient effects on FB two-stream waves
and be combined mathematically in the same dispersion re-
lation, which was derived from the electron and ion equa-

tions of motion and continuity equation. For plasma waves
propagating perpendicular to the magnetic field, the solution
of the dispersion equation in the absence of neutral wind
takes the familiar form associated with the plasma wave fre-
quency ® and growth rate vy:

o = k -V, 2)
1+ v
A
7 *Va 2.2
= - k7C;
4 v,.(1+w) £1+1//] <
ViQe]; * Vd
+ - 2aN, 3)
Vek(LN)J_(l + l//)}

where p =v v, /Q, Q, v, v;, Q,, and Q; are the electron-
neutral collision frequency, ion-neutral collision frequ-
ency, electron gyro-frequency and ion gyro-frequency re-
spectively, k is the plasma wave vector, Cj is the ion acous-
tic speed, NV, is the mean electron density and « is the re-
combination coefficient. 7, is the relative electron-ion drift
velocity in windless situation and is approximately equal to
the Hall drift velocity ¥, = E x B/B*, and (Ly). = N, /
(VN,), is the scale length of electron density gradient per-
pendicular to B-field and parallel to E-field. (Ly), is taken
as positive if (VN,), - E> 0. Note that Eq. (3) is valid for v;
> @ >>1v, and that the stabilizing recombination term 2aN,
is negligible for short-scale plasma waves which are of in-
terest to E-region radio backscatter studies. Thus, the growth
rate y in a windless situation can be rewritten as follows:

N2
v k -V, 22
4 v,-(1+ l//) [1 + l//] *

(FB)
N V,-Qe]; . Ve }
vek(LN)l(l + l//)
(GD)

“

where the underlined FB terms come from FB instability
and the underlined GD term is responsible for GD instabil-
ity. It can be seen from the above equation that an ambient
electric field £ and an electron density gradient VN, consti-
tute the agents that provide the free energy for destabili-
zation of E-region plasma. Here, we will apply our 2D nu-
merical model to cross-check with the linear FB-GD insta-
bility theory. First, we utilized the hyperbolic function to
establish a symmetric electron density profile in the verti-
cal z direction which is similar to a real layer structure, i.e.,
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N.(z) = Noyl + G x {1 — tanh? [Z_éﬂﬂ (5)

z

where z,,., represents the height of density peak, dz charac-
terizes the possible scale size of vertical variation which
controls the gradient shape, and G determines the value of
the peak density. Figure 2 shows the density profile with
Zpeak = 390 m, 0z = 72 m and G = 0.08 in a 2D simulated
space of X x Z=30 m x 780 m. The gradient scale length
L, =N,/(0N,/0z)of the density distribution in Fig. 2 var-
ies with altitude z. Figure 3a shows the gradient scale
length L. on the top half (390 ~ 780 m) of the symmetric
density profile of Fig. 2. The region of the smaller gradient
scale length which would yield larger GD effect is the focus
of our subsequent analysis.

In order to study in detail the interaction between wave
and vertical density gradient and the gradient-drift effects on
two-stream waves, we introduced an 0.1% perturbation at
each height [i.e., dn = 0.001Nysin(kx)] with single wave
mode k= 6 corresponding to a horizontal wavelength of 5 m,
and considered a weaker downward electric field E, =
-11.2 mV m™ (corresponding to electron drift velocity V=
400 m s™') which is not large enough to trigger two-stream
waves directly by FB instability alone. In other words, the
excitation of a two-stream wave demands the contribution of
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Fig. 2. The electron density distribution over height z obtained by Eq. (5)
with G=0.08, 0z =72 m, and z,., = 390 m. This distribution is similar
to a layer structure.
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GD instability because the magnitude of polarization elec-
tric field is weaker than the threshold value E;, = 12.2 mV m’!
(corresponding to the threshold drift velocity ¥, =437 ms™
obtained from Vp,;, = Cs(1 +y) and Cs =356 m sLT=T=
230 K). Other background parameters are listed in Table 1,
where the magnetic field is perpendicular to the x x z plane
and the electric field is in a downward (vertical z) direction.
Substituting all these simulation parameters into Eq. (4), we
obtained the theoretical growth rate as a function of z as
shown in Fig. 3b, where the region of bottom layer (0 ~ 390
m) is omitted due to VN, - E < 0(no GD instability). Judg-
ing from Fig. 3b, the evolution of plasma waves should be
limited in the narrow region of the top layer at about 390 ~
499 m where the growth rate is larger than zero. Meanwhile,
2D simulations of our numerical model yield a 2D gray scale
map of density variation at different simulation time as
shown in the top panel of Fig. 4, where the excited region
of plasma waves is close to the theoretical prediction (see
Fig. 3b), and the propagation speed varied with vertical posi-
tion resulted from the different gradient scale length (L.) at
later time stage of simulation (see top-right panel of Fig. 4)
from which we can find gradient-drift effects on phase ve-
locities of FB waves predicted by FB-GD theory. Further-
more, the upward electric field E.=+11.2mV m™ (i.e., Vp=
-400 m s') and a relatively weak downward electric field
E.=-84mVm" (i.e., Vp=300m s'l) were also studied. As a
result, the upward electric field £, = +11.2 mV m” will ex-
cite the plasma waves in the bottom layer as shown in the
middle panels of Fig. 4 that still satisfy GD instability condi-
tion (VN, - E > 0), and the smaller downward electric field
E.=-8.4mV m" will dampen plasma waves as shown in the
bottom panel of Fig. 4 due to the larger negative value of FB
term in Eq. (4). This result indicates that, regardless of the
direction of electric field, GD instability can help excite FB
waves at slightly smaller than FB instability threshold polar-
ization electric field strength (£, = 12.2 mV m'l). From the
above analysis, we see that our numerical model is qualita-
tively consistent with the linear FB-GD instability theory.
At the vertical position of maximum gradient VN , the
plasma waves have the highest growth rate and can grow to
saturation without being affected by the waves in the adja-
cent region where the gradient is weaker. So we picked the
height z = 438 m (at the 147™ height) where the gradient
scale length is the smallest with L.~ 1.2 kmandVN, - E > 0
to analyze the evolution of plasma wave. Fig. 5 displays the
time variation of the primary 5 m wave at z =438 m for dif-
ferent electron drift velocities derived from different down-
ward electric fields. It can be found that the threshold drift
velocity ¥ is about 348 ms™ and consistent with the predic-
tion of FB-GD instability theory (see Fig. 6). Moreover, ac-
cording to the time variation of wave amplitude shown in
Fig. 5, the phase velocity can be evaluated in the initial
growing stage by the peak-to-peak method. Table 2 listed the
estimations of the phase velocities corresponding to differ-

ent drift velocities, where the threshold phase velocity V), is
about 273.49 m s™' and the differences between simulation
results and theoretical values were smaller than 3%. On the
other hand, we can also fit the absolute amplitude of a 5 m
wave in an early stage to find the linear growth rate by the
least squares method. Figure 6a exhibits the estimates of lin-
ear growth for different electron drift velocities, where the
closed circle represents simulation data and solid line repre-
sents theoretical estimation from Eq. (4) of FB-GD instabil-
ity theory. Basically, the linear simulation data is in good
agreement with the estimation of linear FB-GD theory.

2.3 The Behavior of a Longer Wavelength Wave

In order to study the behavior of a longer wavelength
wave, we considered a 10m wave and extended horizontal
space size from X to 60 m, that is, the simulation box size is X
x Z =60 m x 780 m. Figure 7 shows the gray scale map of
density variation for smaller electron drift velocity Vp =
300ms™ (i.e., E.=-8.4 mV m™). It reveals that the 10 m wave
receiving larger GD effects than 5 m wave can be excited by
a smaller electric field by which 5 m wave can not be excited
as shown in the bottom panel of Fig. 4. The estimations of
growth rates for the 10 m wave with different electron drift
velocities were shown in Fig. 6b, which were close to the the-
oretical values. The corresponding estimations of phase ve-
locities were listed in Table 2, where the differences of 5 and
10 m waves for the same electron drift velocity in linear re-
gime are very small and the phase velocity depends only on
the electron drift velocity. This is in agreement with Eq. (2)
for the linear FB-GD theory. From a series of qualitative anal-
ysis and quantitative estimation, it is confirmed that our nu-
merical model is accurate for simulating FB-GD instability.

3. THE RESULT OF A SIMULATION IN A
NONLINEAR STAGE

3.1 The Saturation Simulations Associated with
Gradient Effect

FB-GD instability theory predicts that the phase veloc-
ity of FB wave in the presence of a density gradient effect
does not depend on the scale size of the wave. This theory

Table 1. Parameters of the background condition.

Static magnetic field, B,; 0.28 G
Mean plasma density, N, 1x10" m?
Temperature, 7,, T; 230 K
Effective ion mass, m; 5.0x 107 Kg
e~ —ncollision frequency, v, 4.0 x 10* 5!
lon-n, collision frequency v;, 2.5 % 10° 5!
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Fig. 4. The gray scale maps of density variation n(x.z) for 5 m wave at different simulation time, where the top panel for downward electric field £, =

-11.2mV m” (i.e., ¥p =400 ms™), the middle panel for upward electric field E. = +11.2 mV m™ (i.e., ¥ = -400 m s), and the bottom panel for
downward electric field E. = -8.4 mV m™ (i.e., p=300ms™).
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Fig. 5. Plots of the coefficient A(z, 7) of cos(kx) as a function of time 7 in the environment of different drift velocities, where z is the 147" height (i.e., z=
438 m) and k= 1.256 m™ is the 6™ horizontal Fourier mode (5 meter wave) in the X x Z simulation box with X =30 m and Z = 780 m.
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Fig. 6. The plots of the linear growth-rate of two-stream waves with respect to the electron drift velocity for 5 m wave (a) and 10 m wave (b), where the
solid line represents the theoretical values obtained by Eq. (4) with L, = 1.2 km, the closed circle represents the simulation results and the dash line rep-
resents the threshold value.

Table 2. Dependence of horizontal phase velocities V, on drift velocity V) [denoted by V,(Vp)] of 5 meters wave and 10 meters wave obtained by
numerical simulation on a 30 m x 780 m and 60 m x 780 m simulation box in different electron drift velocities V) at fixed height z = 438 m
corresponding to gradient scale length L. = 1.2 km in linear regime, where the theoretical values were derived from Eq. (3) of linear FB-GD
theory. The background density profile is given in Fig. 2. All velocities are in m s™.

V, (300) V,(325)  V,(348)  V,(375)  V,(400)  V,(425) V, (500)
Theoretical values 244.45 264.81 283.55 305.55 325.92 346.29 407.40
5 m wave 235.82 255.77 273.49 294.78 314.15 334.09 392.58
10 m wave 236.64 256.39 274.44 295.80 315.61 335.29 394.40




652 Chi-Lon Fern & Fu-Shong Kuo

T=0.0000(s)

T=0.7362(s)

T=1.2270(s)

z(m)

1.074
1.068
1.062
1.056

1.049

1.037
1.031
1.024
1.018

1.012

1.006

10 20

x(m)

40 50 60 0

10 20 30 40 50 60

Fig. 7. The grey scale maps of density variation n(x, z) at a different simulation time, where the simulation started with 10 m wave perturbation and the
electron drift velocity is Vp =300 m s7 (i.e., the downward electric field E. = -8.4 mV m™).

has been confirmed by the simulation found in section 2.2;
however, it is understood that the results of radar observa-
tions were most probably the result from the saturated two-
stream waves. According to the saturation theory of two-
stream waves, phase velocity in saturation regime will be
close to the velocity of the marginally unstable wave corre-
sponding to the threshold velocity of linear theory (e.g., Lee
et al. 1974; Sudan 1983a, b; Hamza and St-Maurice 1993;
Otani and Oppenheim 1998). Results of previous linear si-
mulations with different electron drift velocities (Fig. 6)
showed that, the different scale waves suffered from density
gradient effect have different threshold. Nevertheless, in or-
der to explore the possible saturation theory for density gra-
dient effect, we will extend the analysis in the linear regime
of previous section 2.2 into highly nonlinear stage and try to
evaluate the phase velocity at saturation. Here it should be
understood that a wave is said to be saturated if its energy
gain equals to its energy loss in the nonlinear processes.
Figure 8 shows the time evolutions of 5, 10, and 15 m waves
at z =438 m corresponding to L, ~ 1.2 km for the same elec-
tron drift velocity ¥, =400 ms™ (i.e., E.=-11.2mV m™). It
reveals that the waves ceased growing after maximum am-
plitude was reached, i.e., after entering the highly nonlinear
stage and became saturated, and the maximum amplitude is
larger for longer wavelength wave. From the gray scale map
of density variation as shown in Fig. 9, we found that the pri-
mary waves with maximum amplitude are very prominent in
the highly nonlinear stage, so we can apply the peak-to-peak
method to evaluate the horizontal phase velocity of the pri-
mary waves at z =438 m where the maximum gradient with
L. = 1.2 km was located. The relevant data was listed in
Table 3.1, which clearly reveals that the phase velocities of
different wavelength waves were approximately the same in

the linear regime, and became smaller in the saturated re-
gime. The longer wavelength wave had a smaller phase ve-
locity than the shorter wavelength wave in the saturated re-
gime, which seems to be related to the maximum amplitude.
The variations of phase velocities for different scale waves
at saturation are consistent with the wavelength dependence
of phase velocities resulted from density gradient effect.

Alternatively, we also made simulations for 5, 10, and
15 m waves over the same 2D space size of X x Z =90 m x
780 m with fixed grid points of 241 x 261, leaving other
background conditions (including the vertical density gra-
dient distribution, Vp =400 m s'l, L,=1.2 km) unchanged.
The results as listed in Table 3.2 were consistent with that of
Table 3.1. Considering the resolution and computer resource
in the following series of simulations, we shall adopt a vari-
able horizontal space size with a fixed wave mode pegged at
k = 6 for different waves and is the same resolution for dif-
ferent wavelength curve.

3.2 Simulations for Gradient Effects Related to 2D
Structure of FB Waves

From the saturation simulations of section 3.1, we had
demonstrated the wavelength dependence of phase velocity
resulted from nonlinear processes. We also showed that the
vertical density gradient distributions with different range
and density peak can affect the variation of saturation phase
velocity. As a matter of fact, the arguments for density gradi-
ent effects on two-stream waves were presented in a recent
study (Haldoupis et al. 2005), so the exploration for the rela-
tions between gradient distribution and the wavelength de-
pendence of phase velocity is worthwhile. Here, we con-
sidered three layers of density distribution derived from
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Fig. 8. The time variations of 5, 10, and 15 m waves at z = 438 m where the gradient length is L. = 1.2 km and electron drift velocity is ¥, =400 m s™
(i.e., the downward electric field £, =-11.2 mV m™).
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Table 3.1. The estimations of saturation phase velocities for a different wave scale with the same electron drift velocity Vp =400 m s (i.e., E,
=-11.2 mV m™) at some fixed height corresponding to the same gradient length L. = 1.2 km, where the dimensions of 2D simulation space
are 30 m x 780 m for 5 m wave, 60 m x 780 m for 10 m wave and 90 m x 780 m for 15 m wave respectively, but the number of grid points for

each case is the same, i.e., 81 x 261 pts.

5 m wave 10 m wave 15 m wave
Linear regime 314.15ms’ 315.61 ms’ 315.06 ms™
Saturated regime 309.38 ms™ 28123 ms’ 266.15m s

Table 3.2. The estimations of saturation phase velocities for a different wave scale with the same electron drift velocity V=400 m st (ie, E, =
-11.2 mV m™) at some fixed height corresponding to the same gradient length L. = 1.2 km, the simulations were made on the same 2D simulation
space size of 90 m x 780 m with the same number of grid points 241 x 261 pts.

5 m wave 10 m wave 15 m wave
Linear regime 317.82ms’ 316.63ms’ 316.34ms’
Saturated regime 30498 ms” 283.06 m s’ 270.93ms’

Eq. (5) as shown in Fig. 10, where case (C) has largest
thickness, case (A) has smallest thickness and case (B) is
between them, but their gradient variations are analogous.
Two different horizontal waves (5 and 10 m wave) were
studied using variable horizontal size X as described in
section 3.1. Concurrently, the electron drift velocity Vp =
400 ms™ (i.e., E. = -11.2 mV m") was assumed and the
other background parameters remain the same as in Table 1.
Figure 11 reveals the evolutions of 10 m waves at some fixed
height [i.e., z = 414 m for case (A), z = 438 m for case (B),
and z =462 m for case (C)] corresponding to gradient scale
length L, = 1.2 km for the three different layers of Fig. 10. It
also reveals in Fig. 11 that the maximum saturation ampli-
tude increased with increasing density peak. The estima-
tions of phase velocities for different wave scale at maxi-
mum saturation amplitude were listed on Table 4. It could be
found that the wavelength dependence of phase velocities
decreased with decreasing density peak of the layer.

From the grey scale maps of density variation at satura-
tion of a 10 m wave for three different layers as shown in
Fig. 12, we can see that the vertical scale of horizontal wave
depends on the thickness of layers with different density
peaks and means that the layers will limit the vertical evolu-
tion of 2D waves, where the layer with smaller density peak
(representing smaller vertical density variation) such as case
(A) corresponds to smaller vertical scale of 2D wave. Thus,
through the above simulations and analysis, it is interesting
that the vertical scale of 2D waves parallel to vertical density
gradient will affect the horizontal wavelength dependence of
phase velocities from GD effect. The result is possibly asso-
ciated with the vertical density variation corresponding to
vertical scale of 2D wave. In fact, the limited vertical scale of
2D waves in a large scale density gradient distribution also
may cover the part of vertical density variations as shown in

the sketch of Fig. 1, so it can be expected that the wavelength
dependence of phase velocities for small vertical scale waves
will be unclear.
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Fig. 10. Three density layer distributions with different peaks and an-
alogous gradient variation derived from Eq. (5). Case (A): 0z =12 m
and G=0.04, case (B): z=24 mand G =0.08, case (C): 0z=36 mand
G=0.12.
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Fig. 11. The time variations of 10 m wave with electron drift velocity V=400 ms™ (i.e., E.=-11.2 mV m") at some fixed height corresponding to L.
= 1.2 km for three different density distributions.

Table 4. The estimations of saturation phase velocities of a different wave scale at the same electron drift velocity Vp =400 m s (i.e., E.
=-11.2 mV m™) for three different density layer distributions with different density peak and analogous gradient variation.

Wavelength Case (A) Case (B) Case (C)
5m 31545ms” 309.58 ms™ 306.31 ms™
10 m 305.11 ms™ 28123 ms 261.29ms"
difference 1034 ms™! 2835ms” 45.02ms”
Case(A),T=0.92(s) Case(B),T=0.92(s) Case(C),T=0.92(s)
780 780 780
650 650 1 650 1
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260
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Fig. 12. The grey scale maps of density variation n(x, z) in the highly nonlinear stage for three layers with different density peaks and analogous
gradient variation. The simulation started with a 10 m wave perturbation and the electron drift velocity Vp =400 m st (e, E.=-11.2mV m'l).
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3.3 Simulations for Gradient Effect Related to Strong
Electric Field

In order to emphasize GD effect in the previous simula-
tions of sections 3.1 and 3.2, we considered the electron drift
velocity ¥, = 400 m s™', which is slightly smaller than the
threshold value Vp,, =437 ms” (i.e., E; =122 mV m™) of
the FB instability. However, a strong electric field often ap-
pears in the equatorial electro-jet and polar region. Thus, we
shall also study density gradient effect under the environ-
ment with large drift velocities which are larger than or near
threshold value. In order to emphasize the prominent influ-
ence of FB instability we shall also consider a weaker den-
sity gradient distribution with its maximum gradient cor-
responding to a scale length L, = 6 km at the location z =
1437 m (i.e., the 480™ height). In order to investigate gradi-
ent effect on the wavelength dependence of phase velocities,
three different wave lengths of 5, 10, and 15 m were studied
by a 2D simulation with weak gradient layer distribution,
where horizontal space size X is 6 times of the wavelength
and vertical space size is Z = 2.4 km with total grid points of
81 x 801. Three electron drift velocities, namely, V', =470 m st
(E.=-13.16mVm™), Vp=450ms" (E.=-12.6 mVm™) and
Vp=430ms™ (E.=-12.04 mV m™) were considered leaving
other background parameters unchanged. When the simula-
tions of the waves reached maximum amplitude in the highly
nonlinear stage, we used the previous methods of section 3.1
to analyze phase velocity of horizontal waves at fixed ver-
tical position. Table 5 represents the estimations of phase
velocities V), of different scale waves for three drift veloci-
ties Vp atz= 1437 m. It was found that the differences among
the saturation phase velocities of different scale waves de-
creased with increasing driving electric field (i.e., electron
drift velocity). In other words, the wavelength dependence
of the density gradient effect on phase velocities of different
scale waves was weakened by increasing the driving electric
field. Thus, we believe that the background electric field is
an important factor for the reduction of gradient effect on
FB waves.

4. SUMMARY AND DISCUSSION

We have carried out 2D simulations of density gradient

effects on the phase velocity at saturation of two-stream
waves. The simulations were focused on the pure interaction
between single horizontal wave and a vertically symmetric
electron density layer. The structure of the electron density
layer defined by Eq. (5) is characterized by two parameters:
G and Oz. The ratio G/dz determines the minimum gradient
length (maximum growth rate of FB-GD instability) of the
layer, and 0z determines the thickness of the unstable layer.
Our simulation results in the linear regime were consistent
with the predictions of linear FB-GD instability theory, and
confirmed the wavelength dependence of phase velocity in
the saturated regime. However, our simulations also re-
vealed that the vertical scale of 2D wave and vertical polar-
ized electric field are possibly related to the wavelength de-
pendence of phase velocity. The gradient scale length L, is
an important parameter in the linear theory of FB-GD insta-
bility, but the layer’s thickness (characterized by dz) has
gone unnoticed by the researchers. The results of this study
clearly show that the thickness of the unstable layer has
strong effect on the reduction of the phase velocity of FB
wave on its way evolving from linear stage to saturation
stage. The thicker unstable layer would cause more phase
velocity reduction than the thinner unstable layer.

Since the evolutions of waves were limited in an unsta-
ble region, we can apply different density peak to find the
possible relations between phase velocity at saturation and
the thickness of the unstable layer. From the simulations
found in sections 3.1 and 3.2, it was shown that the wave am-
plitude at saturation increased with increasing thickness of
unstable layer, and the phase velocity at saturation decreased
with increasing saturation amplitude. In general, the longer
wavelength waves have larger saturation amplitude, because
they have lower threshold therefore have larger unstable re-
gion to gain energy from background density gradient. How-
ever, if the density peak of a layer is small, that is, the unsta-
ble region is small, then the waves will obtain only small en-
ergy from background density gradient and saturation am-
plitude will also be reduced. Because a density layer has dif-
ferent gradient scale length at different height, the waves
with weaker electric field will be limited in the larger density
gradient region of the layer. So the density peak of the layer
with vertical density variation is closely related to the verti-
cal propagating range of waves which can represent the ver-

Table 5. The estimations of phase velocity dependence on electron drift velocity V,(V)p) for a different wave scale at saturation for the strong
electric fields (i.e., the larger electron drift velocities) and a large scale density layer distribution with weaker gradient variation. All velocities are

inms”.

wavelength V,(430) V,(450) V,(470)
5m 336.64 337.48 341.06

10 m 323.29 325.23 338.84
I5m 302.70 312.95 321.15
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tical scale of 2D waves. In other words, the smaller density
peak will result in a weaker gradient effect on FB waves.
Similarly, we believe that the vertical range of FB waves will
be limited in the E-region, because the complex environment
including electric field variation, neutral wind, collision fre-
quency variation and density gradient can affect the genera-
tion of FB waves. Thus, based on the possible limited verti-
cal scale of 2D waves, we believe that the weaker gradient
effect on FB wave will be found in the E region. However,
radar observations only present 1D information of FB waves,
and our 2D simulations can account for the relations be-
tween 2D property of FB waves and density gradient effect.

In addition, the strong electric field E will also reduce
density gradient effect because the predominant FB insta-
bility tends to cause different wave scales reaching approx-
imately the same phase velocity. Section 3.3 had demon-
strated that the wavelength dependence of phase velocity
from GD effect is unclear. Haldoupis et al. (2005) indicated
that the past observations of HF and VHF aurora radar
(e.g., Hanuise el al. 1991; Haldoupis et al. 2000; Lacroix
and Moorcroft 2001) could not find GD effect on FB waves,
but neglected a point that the very strong polarized electric
field might exist in aurora region. The past studies of radar
observations (e.g., St.-Maurice et al. 1986; Ravindran and
Reddy 1993; Nielsen et al. 2002) also indicated that the
large electron drift velocity derived from strong electric
field would heat plasma and create larger phase velocity.
Thus, the lower phase velocity derived from GD effect may
be raised by the large electron drift velocity, so that the
lower phase velocity which is lower than nominal ion
acoustic speed (~360 m s™) is not easily found. In other
words, the reduction of GD effect on FB waves, including
the wavelength dependence of phase velocity and the lower
phase velocity, can be explained by the existence of a strong
vertical electric field.

In sum, our 2D simulations with a symmetric density
layer were consistent with the linear FB-GD theory, so we
can examine density gradient effects on FB waves. We have
demonstrated, by the simulation of a single wave, that the
vertical density variation involving 2D property of FB waves
and polarized electric field will affect the display of density
gradient effect on FB waves. Of course, the E-region iono-
sphere contains the interaction of multiple waves and the
other parameters varying with vertical height, such as neu-
tral wind, electric field, collision frequency, plasma temper-
ature and so on. One advantage of numerical simulation is
that, one can always isolate a specific factor from all the
others by numerical simulation but not by radar experiment.
Our simulations can clarify possible factors from complex
environment variables. This paper suggests that the infor-
mation of 2D wave scale and electric field variation is im-
portant in the study of density gradient effects on FB waves
such that more observation data of other variables associated
with density gradient effect is needed in the future.
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APPENDIX A: NUMERICAL MODEL OF
SIMULATION

Our numerical model was described in a previous paper
(Fern et al. 2001). The x-axis of the rectangular coordinate
system points to the east, the y-axis points to the north and
the z-axis points upward. The governing equations consist of
the continuity equation of plasma,

Sy () = 0 (A1)

the electron and ion velocity equations,
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and the equation for quasi-neutrality condition,
V-J=0 (A%)

where J = ne(V, = V,) = ne(v, — V,, — v,) is the current
density and » is the number density of the plasma; K is the
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Boltzmann constant; v;,, Ve, Qi, Qo, T3, T, B, E', I7D ,V,,and
v, are the ion-neutral collision frequency, the electron-
neutral collision frequency, ion gyro-frequency, electron
gyro-frequency, ion temperature, electron temperature,
magnetic field, perturbation electric field, mean flow elec-
tron drift velocity, perturbation electron and ion velocity
respectively; ¥, andV, canbe takenasV, = v;V, =V, +7v,.
Substituting all these physical quantities into Eq. (A4), we
obtain Eq. (A5):
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where ®(x, z) is the potential function for the perturbed
electric field £', i.e., E' =—V®.

The eastward mean flow drift velocity ¥, of the elec-
trons is driven by a vertically downward zero order polariza-
tion electric field £, =, x B,, where B=B 2, is a con-
stant magnetic field By of 0.28 G pointing to the north. The
ion-neutral collision frequency v;, and electron-neutral colli-
sion frequency v, are assumed to be constant in our simula-
tion range with v;, = 2.5 x 10° s and v,, = 4.0 x 10*s. The
ion and electron temperatures are assumed to be 230 K. The
background plasma can be regarded as uniform with number
density of 1.0 x 10" m™. These background parameters are
similar to that used in the past studies of equatorial electrojet
(McDonald et al. 1974).

The numerical computations were performed on two-
dimensional Cartesian mesh using 81 points in the x direc-

tion (east-west) and 261 points in the z direction (vertical).
Periodic boundary condition is imposed on both electron
density n and electric potential @ in the x and z direction.
Flux-corrected transport (FCT) technique (e.g., Boris and
Book 1973; Zalesak et al. 1979) has been applied to carry
out the time integration of the continuity Eq. (1). A detailed
discussion of the application of FCT technique to study ion-
ospheric irregularities can be referred to (Chou and Kuo
1996). At t = 0, the electrons are set to move uniformly at
drift speed ¥/, , and the ions assume a constant velocity V,, =
Q.E, / v,, B,, which is the steady state velocity of ions under
the combined force from electric field £, and the ion-neutral
collision (note that v;, >> €);). Then a density perturbation
with amplitude dn = ng sin(kx) is superposed on the back-
ground density Ny, where k is the wave-number to be as-
signed. At each time step of computation, the electron ve-
locity at each grid point is calculated from Eq. (A2), and the
ion velocity at each grid is obtained by solving the differen-
tial Eq. (A3) using 2" order Runge-Kutta scheme. These ve-
locities and densities at each grid are substituted into Eq. (A5)
to solve for the electric potential ®(x, z) using the succes-
sive-over-relaxation (SOR) technique. Then, the plasma
density distribution n(x, z) at time ¢ + 8t is calculated by the
FCT scheme to complete one cycle of the computation. In
order to guarantee the numerical accuracy, we set the abso-
lute error limit in the potential solver as small as 10, The
simulation is called to stop whenever the relative error of
any grid fails to converge to within this error limit within
10000 steps of SOR iteration. This criterion sets a limit for
density gradient, beyond which the off-diagonal terms be-
come so much larger than the diagonal terms in Eq. (A5) that
the SOR calculation fails to converge. That means that, the
simulation will be stopped when the density gradient be-
comes so sharp that the small waves with scale-length com-
parable to the grid size starts to grow.



